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TORSION FREE ENDOTRIVIAL MODULES FOR FINITE GROUPS
OF LIE TYPE
JON F. CARLSON, JESPER GRODAL, NADIA MAZZA, AND DANIEL K. NAKANO
Abstract. In this paper we determine the torsion free rank of the group of endotrivial
modules for any finite group of Lie type, in both defining and non-defining character-
istic. On our way to proving this, we classify the maximal rank 2 elementary abelian
ℓ-subgroups in any finite group of Lie type, for any prime ℓ, which may be of independent
interest.
1. Introduction
Endotrivial modules play a significant role in the modular representation theory of
finite groups; in particular, they are the invertible elements in the Green ring of the stable
module category of finitely generated modules for the group algebra. Tensoring with an
endotrivial module is a self equivalence of the stable module category and these operations
generate the Picard group of self equivalences of Morita type in this category. The endo-
permutation modules, defined for finite groups of prime power order, are the sources of the
irreducible modules for large classes of finite groups, and these endo-permutation modules
are built from the endotrivial modules.
Let G be a finite group and let k be a field of prime characteristic ℓ that divides
the order of G. A finitely generated kG-module M is endotrivial if its k-endomorphism
ring Homk(M,M) is the direct sum of a trivial module and a projective module. The
isomorphism classes in the stable category of such modules form an abelian group T (G)
under the tensor product ⊗k, whereM ⊗kN is equipped with the diagonal G-action, with
identity k and inverse to M given by M∗, the k-dual of M . As T (G) is finitely generated,
it can be written as the direct sum of its torsion subgroup TT (G), and a finitely generated
torsion free group TF (G) = T (G)/TT (G). We define the torsion free rank of T (G) to
be the rank as Z-module of TF (G). In [29], the second author uses homotopy theory to
describe TT (G), tying the structure of TT (G) to that of G itself, and in doing so, he also
proves a conjecture by the first author and The´venaz [18]. In a forthcoming article [14], we
will provide a description of the torsion subgroup TT (G) for G a finite group of Lie type
for all primes, using homotopy theoretic methods. For more information on the history
and applications of endotrivial modules, see the survey papers [41] [13], and the book by
the third author [32].
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We recall that, for any finite group G, there is a distinguished element in T (G), namely
the “shift of the trivial module”, defined to be the kernel of the map from a projective
cover of k to k. It is easily verified to be endotrivial. Moreover, by elementary homological
algebra, the class of this element has infinite order in TF (G), if and only if G contains a
subgroup isomorphic to Z/ℓ× Z/ℓ.
Our main theorem of this paper determines the rank of TF (G) for G any finite group
of Lie type of characteristic p. We show that it is generated by the shift of the trivial
module except in a few low-rank cases, that we describe explicitly. Before stating the
precise version of the main theorem, we need to make clear what we mean by a finite
group of Lie type.
Definition 1.1 (Finite Group of Lie Type). By a finite group of Lie type in characteristic p
we mean a group G = GF for G a connected reductive algebraic group over an algebraically
closed field of characteristic p, and F a Steinberg endomorphism, i.e., an endomorphism
of G such that F s is a standard Frobenius map Fq, for q = p
r and some s, r ≥ 1.
This definition is a bit more general than that of [33, Definition 21.6] in that we only
assume G to be reductive instead of semi-simple. For example, this includes the classical
group GLn(q). We follow the notation of [33] throughout, e.g., (An)ad(q) denotes the
fixed-points under the action of the standard Frobenius Fq on the algebraic group over
Fq corresponding to the adjoint root datum of type An. It is isomorphic to the classical
group PGLn+1(q), see [33, Table 22.1].
We now present our main theorem:
Theorem A. Let G be a finite group of Lie type of characteristic p as in Definition 1.1.
The group TF (G) of torsion free endotrivial modules over a field of characteristic ℓ, with
ℓ | |G|, is cyclic generated by the shift of the trivial module, except for G on the following
list:
(1) ℓ 6= p and rkℓ(G) = ℓ, and G ∼= H ×K, where ℓ ∤ |K|, and H is either PGLℓ(q)
with ℓ | q − 1, PGUℓ(q) with ℓ | q + 1, or
3D4(q) with ℓ = 3 ∤ q.
(2) ℓ = p and rkℓ(G) = 2, and G/Op′(G) is either PSU3(p) for p ≥ 3 and 3 | p + 1,
PSL3(p) for p ≥ 2, PGL3(p) for p ≥ 2, PSpin5(p) for p ≥ 5, SO5(p) for p ≥ 5, or
G2(p) for p ≥ 7.
In case (1), TF (G)
∼=
−→ TF (H) has rank 3 if H ∼= PGLℓ(q) or PGUℓ(q) and ℓ > 2, and
rank 2 if ℓ = 2 or H ∼= 3D4(q); see Theorems 3.1 and 5.1. In case (2) the ranks are listed
in the tables in Section 8; see Theorem 8.1.
As usualOp′(−) denotes the largest normal subgroup of p
′ order, andOp
′
(−) the smallest
normal subgroup of p′ index. The quotient groupsG/Op′(G) occuring above as the classical
groups PSL3(p) = SL3(p)/C3, PSU3(p) = SU3(p)/C3, and PSpin5(p) = Spin5(p)/C2 are
in fact not themselves finite groups of Lie type; see Remark 2.5 and Section 7 for more
about this subtlety. Section 7 also contains analogous results for all groups of the form
GF /Op′(G
F ), for simply connected G. Special cases of the above results can be found in
[15, 16, 17]. Note that the rank of TF (G) depends on the characteristic ℓ of k, but not on
the finer structure of k.
By a well-known correspondence, recalled in Theorem 1.2 below, our main result trans-
lates into a purely local group theoretic statement, Theorem B, which is in fact what
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we prove. Recall that an elementary abelian ℓ-subgroup is a subgroup isomorphic to an
Fℓ-vector space, and its rank is defined to be its dimension as such. Define the ℓ-rank
rkℓ(G) of G as the rank of the largest elementary abelian ℓ-subgroup of G. Let A
≥2
ℓ (G)
denote the poset of noncyclic elementary abelian ℓ-subgroups of G, ordered by subgroup
inclusion. It has a G-action by conjugation, and we can also consider the orbit space
A≥2ℓ (G)/G. For any poset X, we can define its set of connected components π0(X),
as equivalence classes of elements generated by the order relation, and note that, for a
G-poset, π0(X)/G
∼=
−→ π0(X/G). The following theorem states the correspondence:
Theorem 1.2 ([1, Thm. 4] [15, Theorem 3.1]). For any finite group G, the rank of the
group TF (G) of torsion free endotrivial modules, over a field of characteristic ℓ, is equal
to the number of connected components of the orbit space A≥2ℓ (G)/G. This number is 0 if
rkℓ(G) = 1; it is equal to the number of conjugacy classes of maximal elementary abelian
ℓ-subgroups in G if rkℓ(G) = 2; and it is equal to 1 more than the number of conjugacy
classes of maximal elementary abelian ℓ-subgroups of rank 2, if rkℓ(G) > 2.
The theorem above is Alperin’s [1] original calculation of the torsion free rank of T (G)
in the case that G is a finite ℓ-group. The proof for arbitrary finite groups is given in [15]
and uses very different methods. With this dictionary in place, we can state a local group
theoretic version of our main result:
Theorem B. Let G be a finite group of Lie type in characteristic p (see Definition 1.1)
and ℓ an arbitary prime. If rkℓ(G) = 2, then all elementary abelian ℓ-subgroups of G
of rank 2 are conjugate, unless ℓ = p and G has the form given in Theorem A(2). If
rkℓ(G) > 2, then G does not have a maximal elementary abelian ℓ-subgroup of rank 2,
unless rkℓ(G) = ℓ 6= p, and G has the form given in Theorem A(1).
To provide additional context to Theorem B, recall that G can only have a maximal
elementary abelian ℓ-subgroup of rank 2 when rkℓ(G) ≤ ℓ for ℓ odd, and rk2(G) ≤ 4
when ℓ = 2, by a theorem of Glaubermann–Mazza [25] and MacWilliams [34] (restated as
Theorem 2.3). Theorem B pins down exactly the cases where this does in fact occur, for
finite groups of Lie type. The study of elementary abelian ℓ-subgroups of G and GF has
a long history, with close relationship to cohomology and representation theory; see e.g.,
[8, 35, 39, 36, 9]. When ℓ 6= p, conjugacy classes of elementary abelian ℓ-subgroups of G
identify with those of the corresponding complex reductive algebraic group, or compact Lie
group (see [3, Section 8]). In fact, they only depend on the ℓ-local structure as encoded in
the ℓ-compact group (BG)ˆℓ obtained by ℓ-completing the classifying space BG in the sense
of homotopy theory [28]. Similarly the elementary abelian ℓ-subgroups ofG are determined
by BGℓˆ, an ℓ-local finite group [11] describable from the action of F on BGℓˆ; see e. g.,
[30, Appendix C] for a summary. The question of existence of maximal rank 2 elementary
abelian ℓ-subgroups can thus be asked more generally in the context of homotopy finite
groups of Lie type, i. e., homotopy fixed-points of Steinberg endomorphisms on connected
ℓ-compact groups [12, 30]. In fact we expect Theorem B to generalize to this setting, with
the same conclusion, as simple ℓ-compact groups not coming from a compact connected
Lie group are center-free and have a unique maximal elementary abelian ℓ-subgroup (see
[3, Theorem 1.2 and 1.8] and [2, Theorem 1.1]). We do not pursue the details here.
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One may similarly wonder if TF (G) of Theorem A only depends on the ℓ-local structure
in the stronger sense that if H → G induces an isomorphism of ℓ-fusion systems, is the
map TF (G) → TF (H) an isomorphism? That question, however, has a negative answer
in general, and we need to replace ℓ-fusion by a stronger ℓ-local invariant [5].
Structure of the paper. In Section 2, we provide the theoretical background and the general
results that we will need in the sequel. In particular, Theorem 2.3 is used often. It gives
a condition on the ℓ-rank of a finite group G that ensures that there are no maximal
elementary abelian ℓ-subgroups of rank two.
In Sections 3 to 8, we determine TF (G) when G arises from the fixed points under a
Steinberg endomorphism on a simple algebraic group. The cases pertaining to the non-
defining characterisitic (i. e., ℓ 6= p) when ℓ ≥ 3 are handled in Sections 3 and 4. In
Section 3, we prove some general results (Theorems 3.1, 3.2) that utilize the structure
of the Φe-torus and the fixed points of the center of the underlying algebraic group to
guarantee that TF (G) ∼= Z. This enables us to reduce to a small number of cases that are
analyzed in Section 4.
The general result (Theorem 3.1) in Section 3 is not available in the case that ℓ 6= p
when ℓ = 2. In this situation, in Section 5, it is necessary to consider the normalizer of a
Φe-torus (cf. Theorem 5.4) to make the reduction to low rank cases (cf. Proposition 5.5).
These cases are handled in Section 6. In Section 7, we indicate how our methods can be
extended to compute TF (G/Z) where Z is the center of G when the underlying algebraic
group is simply connected.
In Section 8, we investigate TF (G) in the case when ℓ = p (defining characteristic
case). The results in the section extend the work in [15] that was originally stated under
the assumption that the underlying simple algebraic group G has adjoint type. Finally,
in Section 9, we prove Theorems A and B in the general case where G is a connected
reductive algebraic group.
Acknowledgements. In the course of writing this paper, the authors checked many exam-
ples using the computer algebra system Magma [10]. We thank John Cannon and his team
for providing this wonderful tool. The authors also acknowledge Gunter Malle for several
helpful conversations at various stages of this project.
2. Preliminaries
In this section we provide some background material and set up notation that is used
throughout this paper.
Definition 2.1. Let G be a finite group and k a field of positive characteristic ℓ. A finitely
generated kG-module M is endotrivial if Homk(M,M) ∼= k ⊕ P where P is a projective
kG-module and k the trivial kG-module. Thus Homk(M,M) ∼= k in the stable category of
kG-modules modulo projectives. The set T (G) of stable isomorphism classes of endotrivial
kG-modules forms a group under −⊗k −, called the group of endotrivial kG-modules.
Recall that in this context, Homk(M,M) ∼=M
∗⊗kM as kG-modules, and therefore the
endotrivial modules are the invertible objects under tensor product in the stable module
category of kG-modules modulo projectives.
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The group T (G) is a finitely generated abelian group and thus can be written T (G) =
TT (G)⊕TF (G) as the direct sum of its torsion subgroup TT (G) and a finitely generated
torsion free complement TF (G). By Theorem 1.2, the rank of TF (G) is equal to the
number of conjugacy classes of maximal elementary abelian ℓ-subgroups of G of rank 2 if
rkℓ(G) = 2, or that number plus one in case rkℓ(G) > 2 ([15, Theorem 3.1]).
Here, the ℓ-rank rkℓ(G) of G is the maximum of the logarithms to base ℓ of the orders
of the elementary abelian ℓ-subgroups of G. Note that this is not the same as the sectional
rank.
We use the next proposition to relate the structure of the posets of noncyclic elementary
abelian ℓ-subgroups in simple algebraic groups of various isogeny types.
Proposition 2.2. Let
1 // Z
ι
// G // H // Y // 1
be an exact sequence of groups where Z and Y have order prime to ℓ, and where ι(Z) is
a central subgroup of G. If G has no maximal elementary abelian ℓ-subgroup of rank 2,
then neither does H. Also if G has ℓ-rank 2 and exactly one conjugacy class of maximal
elementary abelian ℓ-subgroups, then the same is true of H. If in addition, Y = {1}, then
A≥2ℓ (G)/G
∼= A
≥2
ℓ (H)/H.
Proof. Since Y and Z have orders that are prime to ℓ, the map G→ H induces a bijection
of ℓ-subgroups of G. So any two ℓ-subgroups that are conjugate in G are also conjugate
in H. It follows that if A≥2ℓ (G)/G is connected then so is A
≥2
ℓ (H)/H. 
For our analysis, we employ results of Glaubermann-Mazza and MacWilliams that guar-
antee, under suitable conditions on the ℓ-rank of the finite group G, that the group has
no maximal elementary abelian ℓ-subgroups of rank two.
Theorem 2.3. Let G be a finite group and let ℓ be a prime.
(a) [25, Theorem A] If ℓ ≥ 3 and rkℓ(G) ≥ ℓ+ 1, then G has no maximal elementary
abelian ℓ-subgroups of rank two.
(b) [34] If ℓ = 2 and and rkℓ(G) ≥ 5, then G has no maximal elementary abelian
ℓ-subgroups of rank two.
The following corollary to Theorem 1.2 is occasionally useful to deduce the rank of
TF (G) from the group of endotrivial modules of a subgroup of G.
Proposition 2.4. Suppose that H is a subgroup of G such that |G : H| is not divisible by
ℓ. If H controls the fusion of ℓ-subgroups in G, then TF (G) and TF (H) are isomorphic
as abelian groups.
Proof. Let S be a Sylow ℓ-subgroup of H. Note that S is also a Sylow ℓ-subgroup of G.
The statement that H controls the fusion of ℓ-subgroups in G means that whenever two
subgroups of S are conjugate in G, they are also conjugate in H. Thus A≥2ℓ (G)/G
∼=
A≥2ℓ (H)/H and the proposition follows from Theorem 1.2. 
Remark 2.5. Let us end this preliminaries section by making a few remarks about the
definition of finite groups of Lie type, which can be a source of confusion. As stated in
Definition 1.1 we take a finite group of Lie type to mean a group of the form G = GF , for
6 JON F. CARLSON, JESPER GRODAL, NADIA MAZZA, AND DANIEL K. NAKANO
G a reductive algebraic group over an algebraically closed field of positive characteristic
p, and F a Steinberg endomorphism. We refer to [33], or the original [38], for a thorough
description of properties of such groups. A formula of Steinberg [38, Corollary 12.6(b)] says
that G/Op
′
(G)
∼=
−→ π1(G)F , the coinvariants of the action of F on the fundamental group
π1(G). Thus subgroups H, with O
p′(G) ≤ H ≤ G can be parametrized by “Lie type” data
consisting of G, F , and a subgroup of π1(G)F , and are hence “close” to finite groups of
Lie type, though, e.g., the order formula [33, Corollary 24.6] does not hold. Beware that
books dealing with finite simple groups may instead refer to groups of the form Op
′
(GF ) as
finite group of Lie type, see for example, [27, Definition 2.2.1]. (The reason for this is that
the associated simple groups are written in this form, e.g., PSLn(q) ∼= O
p′(PGLn(q)).) We
examine the question of passing between these different versions in Section 7.
3. When G is simple and ℓ ≥ 3: Generic Case
In this section, let G be a simple algebraic group defined over an algebraically closed
field of positive characteristic p. Thus G is defined by an irreducible root system and by an
isogeny type. Following [33, Section 21], we let F : G→ G be a Steinberg endomorphism
and we write G = GF for the group of F -fixed points of G. The aim of Sections 3 and 4
is to prove the following theorem.
Theorem 3.1. Let G be a finite group of Lie type defined over Fq where the ambient group
G is a simple algebraic group. Assume that char k = ℓ ≥ 3 and (ℓ, q) = 1. Suppose that
the Sylow ℓ-subgroups of G are not cyclic. Then TF (G) ∼= Z except in the following cases:
(a) ℓ ≥ 3 and G is isomorphic to either PGLℓ(q) with ℓ dividing q − 1 or PGUℓ(q)
with ℓ dividing q + 1. In these cases, TF (G) ∼= Z⊕ Z⊕ Z.
(b) ℓ = 3 and G is isomorphic to 3D4(q). In this case, TF (G) ∼= Z⊕ Z.
The proof of Theorem 3.1 entails a reduction to some cases of small rank or specific
type that will be handled in this section. The analysis of the small rank cases will be dealt
with in Section 4.
We begin by proving a theorem that shows that if a group is simply connected, then
there is always a unique conjugacy class of maximal elementary abelian ℓ-subgroups of
maximal rank. In order to state the result, we need to introduce the following notation.
Given a prime power q and ℓ a prime with ℓ ∤ q, let e denote the multiplicative order of
q modulo ℓ if ℓ is odd, or modulo 4 if ℓ = 2. That is, e is the smallest positive integer
such that qe ≡ 1 (mod ℓ) if ℓ is odd, or qe ≡ 1 (mod 4) if ℓ = 2. The following is an
adaptation of [26, (10-2)] which suits our notion of a finite group of Lie type, and which
uses the notion of a Sylow Φe-torus of G, as defined in [33, Section 25].
Theorem 3.2. Let G = GF be a finite group of Lie type arising from a simple, simply
connected algebraic group G with Steinberg endomorphism F . Suppose that G is defined
over Fq. Let S be a Sylow ℓ-subgroup of G, where ℓ does not divide q. Assume that either
ℓ ≥ 5, or that ℓ = 3 and G is not of type A2, D4 or G2. Then S possesses a unique
maximal elementary abelian subgroup A of maximal rank. Moreover, A is a toral subgroup
of G and, for any elementary abelian subgroup E of S of rank 2, we have that
(a) gEg−1 ≤ A for some g ∈ G, and
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(b) E is contained in the F -fixed points of a Sylow Φe-torus of G.
Proof. Assume that E is an elementary abelian ℓ-subgroup of rank two. Then E ≤ TF
where T is an F -stable maximal torus [37, II 5.1 and 5.9].
Let ℓ ≥ 5 and S be a Sylow ℓ-subgroup of G. Then by work of Cabanes (cf. [33, proof
of Theorem 25.20]), S has a unique maximal elementary abelian ℓ-subgroup A of maximal
rank, and moreover A is toral. In fact, A is the Sylow ℓ-subgroup of the F -fixed points of
a Sylow Φe-torus in G.
Furthermore any elementary abelian ℓ-subgroup of G is contained in an elementary
abelian ℓ-subgroup of maximal rank. That is, E is contained in some conjugate g−1Ag of
A, where g−1Ag ≤ g−1Sg. Consequently, (a) and (b) hold (see [33, Theorem 25.20]).
For ℓ = 3, we invoke [31, Theorem 5.14] to show that the conclusion of the theorem
holds unless G has Lie type A2, D4 or G2. 
The next result handles the cases when G has arbitrary isogeny type.
Theorem 3.3. Let G be a finite group of Lie type arising from a simple algebraic group
G. Suppose that G is defined over Fq. Assume that ℓ does not divide q or |Z
F |, where Z
is the center of G. Let Gsc be the simply connected finite group of Lie type with the same
underlying root system as G. If TF (Gsc) ∼= Z then TF (G) ∼= Z.
Proof. According to [33, Proposition 24.21], we have an exact sequence of groups
1 // ZF // Gsc // G // Z/L(Z) // 1 ,
coming from a short exact sequence
1 // Gsc/Z
F
// G // Z/L(Z) // 1 .
Since |Gsc| = |G|, we have that |Z
F | = |Z/L(Z)| with ℓ ∤ |ZF |. If follows that the
Sylow ℓ-subgroups of Gsc and G are isomorphic. Furthermore, there is a bijection between
elementary abelian ℓ-subgroups of Gsc and those of G. If two elementary abelian ℓ-
subgroups are conjugate in Gsc, then their images are conjugate in G. The theorem
follows by Theorem 1.2. 
Proposition 3.4. Let G be a finite group of Lie type such that G = GF for G a simple
algebraic group. Suppose that G is defined over Fq, and that ℓ is an odd prime which does
not divide q. Assume that the Sylow ℓ-subgroups of G are not cyclic. Then TF (G) ∼= Z
provided we are not in one of the cases
(a) ℓ = 3 and G has type A2, D4 or G2;
(b) ℓ ≥ 3 and G has type An−1 with ℓ | |Z
F |;
(c) ℓ = 3 and G has type E6 and has adjoint isogeny type.
Proof. In the case when G is simply connected, by Theorem 3.2, TF (G) ∼= Z if char k =
ℓ ≥ 5 or when ℓ = 3 and the root system is not of type A2, D4 or G2.
So assume that G is not simply connected. Then Theorem 3.3 shows that TF (G) ∼= Z
whenever ℓ ∤ |ZF |. The orders of ZF for the finite groups of Lie type arising from the
simple, simply connected groups are given in [33, Table 24.2]. For ℓ ≥ 3, the only cases
when ℓ | |ZF | occur in cases (b) and (c), that is, when G has type An−1 and ℓ divides
q ± 1, and when G has type E6 adjoint type and ℓ = 3. The result now follows. 
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Remark 3.5. In the above, we emphasize that by Lie type we mean the type of the
algebraic group G. The finite group G = GF can have twisted type depending on the
Steinberg endomorphism F . In particular, in the condition (b) of the above proposition,
for type An−1 we have that |Z
F | = (n, q − 1) in the untwisted case and (n, q + 1) in the
twisted case.
4. When G is simple and ℓ ≥ 3: Specific Cases
In this section, we examine the cases remaining from Proposition 3.4, thereby completing
the proof of Theorem 3.1. The analysis is case by case.
4.1. Type A2, ℓ = 3. First notice that the Sylow 3-subgroups of G are cyclic if ℓ does
not divide q − 1 and G = PGL3(q) or SL3(q). The same happens when ℓ does not divide
q + 1 and G = PGU3(q) or G = SU3(q). Both of the groups SL3(q) with 3 dividing q − 1
and SU3(q) with 3 dividing q+1, have a central element of order 3. Any other element of
order 3 is diagonalizable. Any maximal elementary abelian subgroup of order 9 contains
the central element and hence must be conjugate to a subgroup of the diagonal matrices in
G. Consequently, there is exactly one conjugacy class of elementary abelian 3-subgroups
of rank 2. The adjoint cases G = PGL3(q) and PGU3(q) are handled in Section 4.4.
4.2. Type D4, ℓ = 3. Let G be the group D4(q). If G has adjoint isogeny type, then a
result of Azad shows that G contains an element z of order 3 with the property that the
commutator subgroup H = [CG(z), CG(z)] of the centralizer of z in G is simply connected
of type A3(q) if 3 divides q − 1, and is simply connected of type
2A3(q) if 3 divides
q + 1. That is, H is isomorphic to either SL4(q) or SU4(q). Neither of these groups has
a central element of order 3. Consequently, z /∈ H. The index of the subgroup H in G is
(q3 + 1)(q4 − 1) in the first case (SL4(q)) and (q
3 − 1)(q4 − 1) in the second (SU4(q)). In
the first case, 3 only divides the factor q − 1 in the index, and only the factor q+1 in the
second case. As a consequence, the centralizer of z contains a subgroup that is isomorphic
to H ×C3s , where 3
s is the largest power of 3 dividing q− 1 or q+1 as appropriate. This
subgroup contains a Sylow 3-subgroup of G whose center has 3-rank at least 2. Hence,
G can have no maximal elementary abelian 3-subgroups of rank 2. This last statement is
independent of the isogeny type because ℓ = 3 does not divide the order of ZF for Gsc (cf.
[33, Table 24.2]), and so the structure of a Sylow 3-subgroup of G does not depend on the
isogeny type of G. Thus, TF (G) ∼= Z, in this case. The same argument works for 2D4(q)
and leads to the same conclusion.
Next consider the case of 3D4(q) where 3 does not divide q. We show that the torsion
free rank of T (G) is 2. Our conclusion is essentially contained in the computation of the
fusion system of G in [21]. What follows is a sketch of the enumeration of the conjugacy
classes of maximal elementary abelian 3-subgroups of G, using the notation of [21].
By [21, Theorem 5.10], a Sylow 3-subgroup S of G is the group of maximal nilpotency
class, denoted B(3, r; 0, 0, 0) and generated by elements s, s1, . . . , sr−1 with relations given
in [21, Theorem A.2]. Here r = 2k, where 3k is the highest power of 3 that divides q2− 1.
The order of S is 3r. Let ζ = s3
k−1
1 and ζ
′ = s3
k−2
2 . Define E0 = 〈ζ, ζ
′, s〉, V1 = 〈ζ, ss1〉,
and V−1 = 〈ζ, ss
−1
1 〉. These are 3-centric subgroups and the fusion of 3-subgroups is
controlled by outer automorphisms of these subgroups (see [21, Lemma 5.2]). Note that
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E0 is extra-special of order 27, while V1 and V−1 are elementary abelian of order 9. It can
be checked that every elementary abelian 3-subgroup of S is conjugate to one of these.
The elementary abelian subgroups of rank 2 in E0 are B = 〈ζ, ζ
′〉, and Ai = 〈ζ, s(ζ
′)i〉 for
i = 0, 1, 2. Then xj1A0x
−j
1 = Aj for j = 1, 2. Consequently, S has four conjugacy classes
of elementary abelian subgroups of order 9, represented by B, A1, V1 and V−1.
The outer automorphism group H of E0 in G is isomorphic to GL2(3). These are
automorphisms modulo the center, as the center 〈ζ〉 is fixed. Consequently, there is an
element of H that takes ζ ′ to s and we see that B and A1 are conjugate. The groups V1
and V−1 are not in E0. In the proof of [21, Theorem 5.10] (page 1749, in the proof of “Case
r = 2k”), it is shown that V1 and V−1 are conjugate in G. Consequently, there are two
G-conjugacy classes of maximal elementary abelian 3-subgroups of rank 2, represented by
B and V1.
4.3. Type G2, ℓ = 3. By [4, Lemma 4], the commutator subgroup of the centralizer of
the center of a Sylow 3-subgroup has type A2 (resp.
2A2) if 3 | q − 1 (resp. 3 | q + 1).
Therefore, the commutator subgroup is SL3(q) (resp. SU3(q)), because it is perfect and
has a central element of order 3. In either case, any two elementary abelian 3-subgroups
of rank 2 are conjugate. Hence, TF (G) ∼= Z.
4.4. Type A. Let Φ = An−1 with ℓ ≥ 3 and, in the untwisted case, ℓ | q − 1, while
ℓ | q + 1 in the twisted case. We are assuming that ℓ divides the order of ZF and thus n
is a multiple of ℓ.
If n − 1 ≥ ℓ + 1 or equivalently n − 2 ≥ ℓ, then TF (G) = Z by Theorem 2.3(a). Thus
we are reduced to consider the case where either ℓ = n− 1 or n. Since ℓ | n, we have that
ℓ = n. Moreover, |X(T )/ZΦ| = ℓ, so there are two distinct isogeny types. The simply
connected case follows by the results in Section 3.2. We are left with the cases when
G = PGLℓ(q) and G = PGUℓ(q).
Let Ĝ = GLℓ(q) if ℓ divides q − 1 and Ĝ = GUℓ(q) if ℓ divides q + 1. Without loss of
generality, we can suppose that the normalizer of a Sylow ℓ-subgroup of Ĝ is contained
in the normalizer of the subgroup of diagonal matrices. If Ĝ = GLℓ(q), the normalizer of
the torus is a wreath product, of the form N ∼= GL1(q)
×ℓ ⋊ Σℓ and if Ĝ = GUℓ(q), then
N ∼= GU1(q)
×ℓ ⋊ Σℓ. That is, in each case, it is the subgroup of diagonal matrices with
an action by the group of permutation matrices. In the case of GU we are assuming the
matrix of the unitary form is the identity matrix. Let ζ be a primitive ℓth root of unity
in Fq in the GL case, and in Fq2 in the unitary case. Let γ be a generator for the Sylow
ℓ-subgroup of GL1(q) or GU1(q) as appropriate, so that ζ = γ
ℓs−1 for some s and γℓ
s
= 1.
Let x be the ℓ× ℓ permutation matrix
x =


0 1 0 . . . 0
0 0 1 . . . 0
...
...
...
. . .
...
0 0 0 . . . 1
1 0 0 . . . 0

 ,
let y be the diagonal matrix (of size ℓ) with diagonal entries γ, 1, . . . , 1, and let z = γI
be the scalar matrix. A Sylow ℓ-subgroup Ŝ of Ĝ is generated by x and y. Then a
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Sylow ℓ-subgroup of G is Ŝ ∼= S/〈z〉. The subgroup Ŝ has a maximal subgroup T =
〈y, xyx−1, . . . , xℓ−1yx〉, which is abelian.
Let φ : Ŝ → S be the quotient map. We note that two subgroups E and F in S are
conjugate in G if and only if their inverse images φ−1(E) and φ−1(F ) are conjugate in Ĝ.
Consequently, to find the maximal elementary abelian subgroups of rank 2 in S, it suffices
to look for the subgroups E of order ℓs+2 in Ŝ that contain z and have the property that
E/〈z〉 is elementary abelian. For the sake of this proof, call such a group Q2-elementary.
For our analysis, we identify three subgroups. Let a = yℓ
s−1
and let b be the diagonal
matrix with diagonal entries 1, ζ, ζ2, . . . , ζℓ−1. Notice that xbx−1b−1 = ζ · I = zℓ
s−1
. Let
E1 = 〈a, xax
−1, . . . , xℓ−1ax, z〉, E2 = 〈x, b, z〉, and E3 = 〈ax, b, z〉.
We claim that every Q2-elementary subgroup of S is either conjugate to one of E2 or E3
or is conjugate to a subgroup of E1. Note that E1 is abelian whereas the other two are
not. Also, every element of order ℓ in E2 has determinant 1, but this is not true of E3.
Hence, E2 and E3 are not conjugate, and neither is conjugate to a subgroup of E1.
Note first that any Q2-elementary subgroup of T must be contained in E1 as E1 is a
direct product of ℓ cyclic subgroups of order ℓs and 〈z〉 is a direct factor. In particular,
E1/〈z〉 contains all elements of order ℓ in T/〈z〉. Suppose that H is a Q2-elementary
subgroup that is not in T . Then H contains an element of the form tx for some t ∈ T .
By a direct calculation, we notice that the centralizer in T/〈z〉 of the class of x is a direct
factor of T/〈z〉 that is cyclic of order ℓs. It is generated by the diagonal element u with
entries 1, γ, . . . , γℓ−1. The only element of order ℓ in this group is b = uℓ
s−1
. So we can
assume that H = 〈tx, b, z〉.
The only remaining task is to sort out the conjugacy classes. Suppose that w ∈ T
is diagonal with entries w1, . . . , wℓ. Then wxw
−1 = vx where v has diagonal entries
w1w
−1
2 , w2w
−1
3 , . . . , wℓw
−1
1 . In other words, x is conjugate in Ŝ to vx for v any diagonal
matrix with entries v1, . . . , vℓ satisfying the condition that the product v1 · · · vℓ = 1. It
follows that any possible conjugacy class of Q2-elementary subgroups not in T has a
representative of the form H = 〈aix, b, z〉 for i = 1, . . . , ℓs− 1. Now, (aix)
ℓ = zi. If i = mℓ
for some m ≥ 1, then v = aixz−m has the property that vℓ = 1. In this case v = tx where
t ∈ T has the property that the product of its (diagonal) entries is 1. Thus, v is conjugate
to x by an element in T , and H is conjugate to 〈x, b, z〉.
So we are down to the situation that H = 〈aix, b, z〉, for i = 0, 1, . . . , ℓ − 1. But now
notice that x is conjugate to xj for j = 1, . . . , ℓ− 1 by a permutation matrix, an (n− 1)-
cycle, that centralizes a and normalizes 〈b, z〉. It follows that if i 6= 0, then aix is conjugate
to aix−i and H = 〈aix, b, z〉 is conjugate to E3. This proves the claim.
So we have shown that E1, E2 and E3 are in three distinct connected components of
the orbit poset A≥2ℓ (G)/G of noncyclic elementary abelian ℓ-subgroups and that there are
no other components. In other words, TF (G) has rank 3.
4.5. Type E6. For type E6, ℓ = 3 and G of adjoint type, we need only consider the
situations that ℓ divides q− 1 in the untwisted case and that ℓ divides q+1 in the twisted
case (cf. [33, Table 24.2]). In either of these cases, with the notation introduced at the
beginning of Section 3, the F -fixed points of the normalizer of a Sylow Φe-torus of G
contains a Sylow 3-subgroup of G = GF , where e is the multiplicative order of q modulo
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3, and it follows that S has rank 6. By Theorem 2.3(a), we conclude that A≥2ℓ (G)/G is a
single connected component, and therefore TF (G) is cyclic.
5. The case when G is simple and ℓ = 2
The goal of Sections 5 and 6 is to prove the theorem:
Theorem 5.1. Let G be a finite group of Lie type defined over Fq where the ambient group
G is a simple algebraic group. Let char k = ℓ = 2 with (2, q) = 1. Assume that the Sylow
2-subgroups of G are not cyclic, quaternion or dihedral. Then TF (G) ∼= Z except in the
case that G is isomorphic to either PGL2(q) or PGU2(q). In these cases TF (G) ∼= Z⊕Z.
The idea of the proof is to reduce the analysis of the possible cases when TF (G) is
noncyclic to a list of groups of small Lie rank, for ℓ = 2 and q odd. In other words,
the objective is to count the number of conjugacy classes of maximal elementary abelian
2-subgroups of rank 2. Our analysis will proceed by Lie type, isogeny type and orders of
the centers of the finite groups of Lie type, for which we refer to [33, Tables 22.1, 24.1 and
Corollary 24.13].
In this section, we will be mainly concerned with G a finite group of Lie type, with
G = GF for G a simple algebraic group and F a Steinberg endomorphism. By an associated
group of a group of Lie type we mean a group Ĝ isomorphic to a quotient of an extension
of G such that the commutator subgroup [Ĝ, Ĝ] is isomorphic to a central quotient of the
simply connected isogeny type of G, and such that Ĝ/Z(Ĝ) is isomorphic to a subgroup
of the adjoint type of G. For example in type An−1, the simply connected type of G is
SLn(q), while the adjoint type is PGLn(q). The groups GLn(q) and PSLn(q) are associated
groups for these isogeny types.
In each case, let S denote a Sylow 2-subgroup of G. Note that if S is dihedral, then the
rank of TF (G) is 2 as it is not possible for the two conjugacy classes of elementary abelian
groups of order 4 in S to fuse in G. The main result in this section is the following.
Theorem 5.2. Let Ĝ be an associated group defined over a field of odd characteristic as
above. Then TF (Ĝ) is cyclic except in the following cases.
(a) Ĝ = SL2(q) or SU2(q) in which case TF (Ĝ) is trivial.
(b) Ĝ = PSL2(q) or PSU2(q) with q ≡ ±1 (mod 8), in which case TF (Ĝ) has rank 2.
(c) Ĝ = PGL2(q) or PGU2(q), in which case TF (Ĝ) has rank 2.
In the proof, we first show that the theorem holds for groups of large Lie rank (cf.
Proposition 5.5). Then the groups of small Lie rank are considered in a case by case
inspection in the next section. Notice that the theorem is vacuous for groups of type 2B2
and 2F4 as these groups are only defined in characteristic 2.
Some useful information concerning the structure of the Sylow 2-subgroups of the clas-
sical groups can be found in the paper by Carter and Fong [19]. We start with a few useful
observations.
Lemma 5.3. Let P be a 2-group.
(a) If P has a normal elementary abelian subgroup H of rank 3 or more, then P has
no maximal elementary abelian subgroups of rank 2.
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(b) If the center of P has rank 2 and the 2-rank of P is two, then P has only one
maximal elementary abelian subgroup.
(c) If the center of P is not cyclic, then P has no maximal elementary abelian sub-
groups of rank 2.
Proof. If x is any involution in P that is not central, then the conjugation action of x
on H can be regarded as a linear action on an F2-vector space of dimension at least 3.
Consequently, it must have at least two nonzero fixed points (i.e., elements ofH centralized
by x). Thus the subgroup generated by x and any central element is necessarily contained
in a subgroup of rank at least three. This proves part (a). The part (b) is obvious and
part (c) is a consequence of part (a). 
The calculation of TF (G) is reduced to low rank cases by using the aforementioned
theorem and the following result of Malle.
Theorem 5.4. [31, Theorem 5.19] Let G be a simple algebraic group defined over a field
of odd order q with Frobenius endomorphism F : G → G, and G = GF . Let e = e2(q) be
the multiplicative order of q modulo 4. Then the normalizer of a Sylow 2-subgroup of G
is contained in the normalizer in G of a Sylow Φe-torus of G, unless G = Sp2n(q) with
n > 1 and q ≡ 3, 5 (mod 8).
Using this theorem and some of the above results, we can prove the following proposition.
This result deals with the larger Lie rank cases. The remaining (smaller rank) cases listed
in the proposition are considered in the next section.
Proposition 5.5. Let Ĝ be an associated group arising from the simple algebraic group G.
Then TF (Ĝ) ∼= Z provided the underlying root system for G is not one of the following:
(a) An for 1 ≤ n ≤ 3 and q ≡ 1 (mod 4),
(b) 2An for 1 ≤ n ≤ 5 and q ≡ 1 (mod 4),
(c) An for 1 ≤ n ≤ 5 and q ≡ −1 (mod 4),
(d) 2An for 1 ≤ n ≤ 3 and q ≡ −1 (mod 4),
(e) B2,
(f) C3,
(g) 3D4,
(h) G2.
Proof. First consider the case of An and q ≡ 1 (mod 4). If n = 4, the two isogeny types
are SL5(q) and PGL5(q). In both cases a Sylow Φ1-torus has rank 4. Hence, a Sylow
2-subgroup of the corresponding finite group has a normal 2-subgroup of rank 4 and we
are done. Note that a Sylow 2-subgroup of PSL5(q) is isomorphic to one of SL5(q), and a
Sylow 2-subgroup of GL5(q) is isomorphic to one of PGL5(q). If n ≥ 5, then SLn(q) and
PGLn(q) have 2-rank greater than 4, and so TF (G) is cyclic in these cases too.
For 2An with q ≡ 3 (mod 4), the groups have isomorphic Sylow 2-subgroups as in the
above cases of An with q ≡ 1 (mod 4). Hence, the same arguments prove the desired
result.
Next we look at the case of An for q ≡ 3 (mod 4) and n = 6. The Sylow 2-subgroups
of SL7(q), PGL7(q) and PSL7(q) have normal elementary abelian subgroups of order 8
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Hence, none of these groups has a maximal elementary abelian 2-subgroup of rank 2. A
fortiori, the same holds for n ≥ 8.
The same argument works for 2An with q ≡ 1 (mod 4), because the Sylow subgroups
have the same form as for type An for q ≡ 3 (mod 4) as above.
Next consider groups of type B3. The finite group is G = Spin7(q) in the simply
connected case and SO7(q) in the adjoint case. By Theorem 5.4, a Sylow 2-subgroup S of
G has a normal elementary abelian subgroup of rank 3, which is in fact contained in the
F -fixed points of a Sylow Φe-torus of G. In particular, a Sylow 2-subgroup of O7(q) is a
direct product S = S1 × S2, where S1 is isomorphic to a Sylow 2-subgroup of O5(q) and
S2 to a Sylow 2-subgroup of O3(q). Thus the center Z(S) of S is noncyclic. Since Z(S) is
contained in the commutator subgroup [S, S], then Z(S) is a central subgroup in a Sylow
2-subgroups of SO7(q) and of Ω7(q), where Ω7(q) is the commutator subgroup of SO7(q).
A similar conclusion holds for n > 3. Thus, in the case of groups of type Bn for n ≥ 3,
there are no maximal elementary abelian subgroups of rank 2.
There are two isogeny types of groups of type C4. By Theorem 5.4, the group PCSp8(q)
has a normal elementary abelian 2-subgroup of rank 4, and we are done by Lemma 5.3.
However, the group Sp8(q) is excluded from the hypothesis of Theorem 5.4. Yet it still
has a normal elementary abelian elementary abelian subgroup of rank 4 by [26]. Note that
the associated group PSp8(q) has a normal elementary abelian 2-subgroup of rank 3. It
follows that in the case of groups of type Cn for n ≥ 4, there are no maximal elementary
abelian subgroups of rank 2.
For type D4, the center of the group of simply connected isogeny type Spin
+
2n(q) is a
Klein four group and that accounts for the numerous isogeny types, namely Spin+8 (q),
PCO+8 (q), SO
+
8 (q), HSpin
+
8 (q). The Sylow Φe-tori of the corresponding algebraic groups
have rank 4, for any congruence of q modulo 4. Thus in each of the finite groups, the Sylow
2-subgroups have a normal elementary abelian subgroup, E, of rank 4. Consequently, none
of these groups has a maximal elementary abelian subgroup of rank 2. For the associated
groups we can proceed as follows. If G is a group such that Spin+2n(q) is a normal subgroup
of index 2 or 4, then the subgroup E ⊆ SSpin is normal in a Sylow 2-subgroup of G, and
so G cannot have maximal elementary abelian 2-subgroups of rank 2. The same holds if
G is an associated group that has a normal subgroup that is one of the other isogeny type.
Let us consider the associated groups that are contained in one of the isogeny classes.
The projective spin group is PΩ+8 (q), which is also the quotient of SO
+
2n(q) by its center.
The center C is cyclic of order 2. The subgroup E in the appropriate Sylow 2-subgroup
S of SO+8 (q) is contained in the commutator subgroup of Ω
+
8 (q) [40], and hence E/C is
a normal elementary abelian 2-subgroup of rank at least 3 in S, and therefore S has no
maximal elementary abelian 2-subgroup of rank 2.
For type 2D4, there are three isogeny types Spin
−
8 (q), SO
−
8 (q) and PCO
−
8 (q). The
center of the simply connected group Spin−8 (q), is cyclic of order 4. If q ≡ 3 (mod 4), then
G has a Sylow Φ2-torus of rank at least 4. In this case, neither it nor any of its associated
groups can have maximal elementary abelian 2-subgroups of rank 2. In the other case, G
has a Sylow Φ1-torus of rank 3, and therefore a Sylow 2-subgroup of G has a characteristic
homocyclic subgroup of rank 3 and we note that the exponent of this group is greater than
2. Consequently, any subgroup of index 2 or a quotient group by a subgroup of order 2
has a characteristic subgroup that is elementary abelian of rank at least 3. It follows that
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none of the associated groups in type 2D4 has a maximal elementary abelian 2-subgroup
of rank 2.
For groups of type Cn, Dn, and
2Dn, with n ≥ 5, and types E6, E7, E8,
2E6 and
F4, Theorem 5.4 and Lemma 5.3 are sufficient to prove the result. That is, the Sylow
2-subgroups of every group of any isogeny class, and any associated group have normal
elementary abelian subgroups with rank greater than 2.
As recalled above, the groups 2B2 and
2F4 are defined only in characteristic two and
our result does not apply. The only remaining type is 2G2, with q = 3
2n+1, in which case
a Sylow 2-subgroup is elementary abelian of order 8 by [42]. 
6. The case when G is simple and ℓ = 2: Special Cases
We are now prepared to analyze the groups excluded by Proposition 5.5. In doing so,
this will complete the proof of Theorem 5.1. We also consider groups such as GL and PSL
that are not fixed points of simple algebraic groups. However some of this information
is needed for the case of reductive finite groups in Section 9. We proceed by types. The
twisted and untwisted types A are sufficiently similar that we combine the arguments. In
all cases, let S denote a Sylow 2-subgroup of G.
6.1. Type A1 and
2A1. If G = SL2(q) or G = SU2(q), a Sylow 2-subgroup is quaternion
[19] and the 2-rank of G is one. In the case that G = PSL2(q) with q ≡ 3, 5 (mod 8),
or G = PSU2(q) with q ≡ 1, 7 (mod 8), we see from the formula for the order that a
Sylow 2-subgroup of G is a Klein four group. On the other hand, if G = PSL2(q) with
q ≡ 1, 7 (mod 8), or G = PSU2(q) with q ≡ 3, 5 (mod 8), then S, being the quotient of
a quaternion group of order at least 16 by its center, is a dihedral group, and therefore
G has two conjugacy classes of maximal elementary abelian 2-subgroups of rank 2. For
G = GL2(q) or G = GU2(q), every noncentral element of order 2 is conjugate to a diagonal
matrix. Consequently, the subgroup that it generates together with the central involution
is conjugate to the subgroup of diagonal matrices in G. Finally, the groups G = PGL2(q)
and G = PGU2(q) have two conjugacy classes of maximal elementary abelian 2-subgroups
of rank 2 because their Sylow 2-subgroups are dihedral of order at least 8.
6.2. Type A2 and
2A2. The groups SL3(q), PSL3(q), have isomorphic Sylow 2-subgroups
since the center of SL3(q) has order dividing 3. The same holds for SU3(q), PSU3(q). So
we need only consider the cases G = SL3(q) and G = SU3(q). If q ≡ 3 (mod 4) for SL3(q)
or q ≡ 1 (mod 4) for SU3(q), S is conjugate to a Sylow 2-subgroup of GL2(q) and has
exactly one class of maximal elementary abelian 2-subgroups of rank 2. For the other
congruences of q, S has two classes of maximal elementary abelian 2-subgroups, which
fuse in G. That is, any involution is conjugate to a diagonal matrix with eigenvalues 1
and −1 of multiplicity 1 and 2, respectively. Then any involution which commutes with
a matrix of this form must preserve the eigenspaces, thus implying that the subgroup
generated by the commuting pair is conjugate to a diagonal subgroup.
Suppose that G is GL3(q) or PGL3(q) with q ≡ 1 (mod 4), or that G = GU3(q) or
PGU3(q) with q ≡ 3 (mod 4). Then, a Sylow 2-subgroup of G has a normal elementary
abelian subgroup of rank 3 by Theorem 5.4. For the other congruences of q, a Sylow
2-subgroup of G is a direct product of a Sylow 2-subgroup of GL2(q) and a cyclic group
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of order 2. So the center of a Sylow 2-subgroup of G is has rank 2 and therefore G cannot
have maximal elementary abelian 2-subgroups of rank 2.
6.3. Type A3 and
2A3. Assume first that q ≡ 1 (mod 4), and G has type A3. The
rank of G is at least three, and in the case of SL4(q), a Sylow 2-subgroup S of G has a
normal elementary abelian 2-subgroup of rank 3. So, for any G such that SL4(q) ≤ G ≤
GL4(q), a Sylow 2-subgroup of G has a normal elementary abelian subgroup of rank 3 or
4, and there cannot be any maximal elementary abelian 2-subgroup of rank 2. Likewise,
if SL4(q) ≤ G ≤ GL4(q), and C is the center of G then a Sylow 2-subgroup of G/C has a
normal elementary abelian subgroup of rank at least 3. This case includes PGL4(q). So
we are done in these cases.
Now suppose that G = PSL4(q). Here we must do some analysis. Let m be the highest
power of 2 that divides q − 1. Let ai be a 4× 4 diagonal matrix with all diagonal entries
equal to 1 except the ith entry which is ζ a primitive 2m root of unity in k. Let zi for
i = 1, 2, 3 be the matrices in GL4(q) given by
z1 =


0 1 0 0
−1 0 0 0
0 0 1 0
0 0 0 1

 , z2 =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 −1 0

 , z3 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0


Let us choose the Sylow 2-subgroup, SGL, of GL4(q) that is generated by the ai and the
zj , and the Sylow 2-subgroup of SL4(q), SSL, that is generated by u1 = a1a
−1
2 u2 = a2a
−1
3 ,
u3 = a3a
−1
4 , z1, z2 and z3. Let f = a1a2a3a4. Then f has order 2
m and generates the
center of GL4(q). The element s = f
2m−2 is in SSL and generates the center of SL4(q).
We have two cases to consider. First suppose that m > 2, so that q ≡ 1 (mod 8). Let
αi = a
2m−3
i , so that α
8
i = 1. Let g = α
5
1α2α3α4. Then one can check that g ∈ SL4(q)
and that g2 = s. Let T be the subgroup generated by u2
n−1
i , i = 1, 2, 3 and by g. Then
check further that T is normal in SSL, and that T/〈s〉 is elementary abelian. Because,
SSL/〈s〉 = SPSL is a Sylow 2-subgroup of PSL4(q), and SPSL has a normal elementary
abelian subgroup of rank 3, we are done with this case.
In the other case, m = 2, we have that s = f . Let T be the subgroup generated by u21,
u22, u
2
3, f , z1z2 and z3. In this case we check that T/〈f〉 is elementary abelian of rank 4
and by the same argument we are done. Hence, for PSL4(q), with q ≡ 1 (mod 4), there
are no maximal elementary abelian 2-subgroups of rank 2.
Now for type 2A3, assume first that q ≡ 3 (mod 4). A Sylow 2-subgroup of GU2(q) is
isomorphic to a wreath product of a cyclic 2-group by a cyclic group of order 2. A Sylow
2-subgroup of GU4(q) is isomorphic to a wreath product of this 2-group with another
cyclic group of order 2. This is exactly the same situation that we encountered in the case
of type A3, where G = GL4(q) and q ≡ 1 (mod 4). The same analysis proves for all of the
groups that there are no maximal elementary abelian 2-subgroups of rank 2.
Next we return to type A3 in the case that q ≡ 3 (mod 4). Then a Sylow 2-subgroup of
GL4(q) is isomorphic to a wreath product S = (U1 × U2) ⋊ C2 of a semidihedral 2-group
with a cyclic group of order 2 (see [19]). Note that the 2-part of the center of GL4(q) is
cyclic of order 2, and that SL4(q) is a subgroup of index 2. For notation, let Ui = 〈xi, yi〉
for i = 1, 2 with y2i = x
2m and yixiyi = x
2m−1−1
i and let C2 be a cyclic group of order 2
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generated by an element w such that wx1w = x2 and wy1w = y2. It is easily seen that
the maximal elementary abelian subgroups of U1×U2 have rank 4. Any involution not in
U1 × U2 has the form s = u1wu
−1
1 for u1 ∈ U1. That is, any such element is a conjugate
of w. If t is an involution in U1 × U2 that commutes with w then t = u1wu1w for some
involution u1 in U1. We conclude that the centralizer of w, or of any of its conjugates, in
S has rank 3, and that there are no maximal elementary abelian subgroups of rank 2 in
S.
The group G = PGL4(q) is obtained from GL4(q) by factoring out the subgroup gen-
erated by x2
m−1
1 x
2m−1
2 . The center of the chosen Sylow 2-subgroup is the class of the
element x2
m−1
1 or x
2m−1
2 . In the subgroup H that is the image of U1 ×U2, the class of any
involution that is in U1 × U2 is contained in an elementary abelian 2-subgroup of rank at
least 3. There are also involutions that are the classes of x2
m−2
1 x
2m−2
2 and x
a
1y1x
b
2y2 for a, b
odd integers. Clearly, the centralizer of any of these has 2-rank at least 3. Finally, the
involutions that are not in H are the classes of elements of the form u1wu
−1
1 z for z in the
center of S and represented by an element in 〈x2
m−1
1 〉. This is conjugate to an element
represented by wz. By the same argument as before, the centralizer of such an element
has rank at least three.
We note that the element w is in SL4(q), as is any element of the form t = u1wu1w with
the notation as above. Consequently, the centralizer in SL4(q) of any such element has rank
at least three. Also maximal elementary abelian 2-subgroups in (U1 × U2) ∩ SL4(q) have
2-rank at least three. Therefore, SL4(q) has no maximal elementary abelian 2-subgroups
of rank 2.
For PSL4(q), we again check that the centralizer of any involution in the intersection
of PSL4(q) with a Sylow 2-subgroup of PGL4(q) has rank at least 3 in that intersection.
Notice that y1 and y2 are not in SL4(q), as otherwise a Sylow subgroup of SL2(q) would
be dihedral. As a result, the only involutions that we need to worry about are the classes
of elements of the form xa1y1x
b
2y2 for a and b even integers. These elements are conjugate
to y1y2x
2m−1
1 x
2m−1
2 which is in the class of y1y2. The latter is centralized by w. Hence,
again, there are no maximal elementary abelian 2-subgroups of rank 2.
In the case that q ≡ 1 (mod 4), a Sylow 2-subgroup of GU2(q) is a semidihedral group,
and a Sylow 2-subgroup of GU4(q) is the wreath product of this group with a cyclic group
of order 2. That is, SGU ∼= (U1 × U2) ⋊ C2, where U1 ∼= U2 is semi-dihedral. This is the
same situation that we encountered with type A3 with q ≡ 3 (mod 4) and the same result
holds. That is, the Sylow 2-subgroups of GU4(q), PGU4(q), SU4(q) and PSU4(q) have no
maximal elementary abelian subgroups of rank 2.
6.4. Type A4 with q ≡ 3 (mod 4) and
2A4 with q ≡ 1 (mod 4). We argue as in
the case of type A2 that we need only consider SL5(q) and GL5(q). A Sylow 2-subgroup
of GL5(q) is a direct product of a Sylow 2-subgroup of GL4(q) with a cyclic 2-group
[19]. Consequently, the center has rank 2. Sylow 2-subgroups of SL5(q) are also Sylow
2-subgroups of GL4(q). Thus, there are no maximal elementary abelian 2-subgroup of
rank 2. The same conclusion holds for SU5(q) and GU5(q).
6.5. Type A5 with q ≡ 3 (mod 4) and
2A5 with q ≡ 1 (mod 4). A Sylow 2-subgroup
of GL6(q) has the form S = (Q1×Q2×Q3)⋊C2, where each Qi is a semidihedral 2-group
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and the involution in the C2 swaps the Q1 and Q2. So we can write Qi = 〈xi, yi〉 where
x2
m
i = 1 = y
2
i and yixiyi = x
2m−1−1
i . A Sylow subgroup of PGL6(q) is SPGL = S/〈z1z2z3〉
where zi = x
2m−1
i . Let ui = x
2m−2
i . Then SPGL has a unique normal elementary abelian
subgroup of rank 3 generated by the classes of u1u2u3, z1 and z2. Next note that m ≥ 3 by
the order formula. Hence, ui must have determinant 1, and this subgroup is also a normal
elementary abelian subgroup of the Sylow 2-subgroup of PSL6(q). Note that this subgroup
is the Sylow 2-subgroup of the F -fixed points of a Sylow Φ2-torus in the algebraic group
PGL6. The group SL6(q) also has a Φ2-torus of rank 3 and this is a normal subgroup also
in our chosen Sylow 2-subgroup of GL6(q). The same situation occurs in the case that G
has type 2A5 and q ≡ 1 (mod 4). So in all cases there are no maximal elementary abelian
2-subgroups of rank 2.
6.6. Type B2. Note this is also type C2. For the purposes of the proofs, we let the
symplectic form for Sp4 be given by the matrix
f =


0 1 0 0
−1 0 0 0
0 0 0 1
0 0 −1 0

 .
The simply connected group of this type is G = Sp4(q)
∼= Spin5(q). A Sylow 2-subgroup S
is isomorphic to a wreath product of a generalized quaternion group with a group of order 2.
As in the case of A2 and
2A2, S has two conjugacy classes of elementary abelian subgroups
of order 4 which fuse in G. The main point is that any noncentral involution in Sp4(q) must
have eigenspaces of dimension 2 corresponding to eigenvalues ±1. Let 〈−,−〉 denote the
symplectic form on F4q. If v is an element in the eigenvalue-one eigenspace of an involution
x, then 〈v, u〉 = 〈xv, u〉 = 〈v, xu〉. We see that the −1 eigenspace is orthogonal to the 1
eigenspace. Given another noncentral involution y, there is a symplectic transformation
that takes the eigenspaces of x to the corresponding eigenspaces of y, and thus x and y are
conjugate. Hence, any two noncentral involutions are conjugate and any two elementary
abelian subgroups of order 4 are conjugate.
Now consider the group G = CSp4(q). Note that CSp4(q) is the group of 4× 4 matrices
X with entries in Fq having the property that XfX
tr = ±f . If x is an involution that
negates the form, then a similar analysis as above shows that the ±1 eigenspaces of x are
both isotropic subspaces of dimension 2. That is, each is orthogonal to itself. Let
B =
[
0 1
−1 0
]
, C =
[
1 0
0 −1
]
and let y and w be the block matrices
u =
[
I 0
0 −I
]
, y =
[
C 0
0 C
]
, w =
[
0 I
I 0
]
.
where I is the 2× 2 identity matrix. We have shown that the involution x is conjugate to
the element y in G. Now note that y commutes with u and with the central involution.
Hence, every such x is contained in an elementary abelian subgroup of order 8. As before,
any noncentral involution that preserves the form is conjugate to u and its centralizer also
has 2-rank 3. Thus there are no maximal elementary abelian 2-subgroup of rank 2.
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The adjoint group of type B2 is G = PCSp4(q)
∼= SO5(q). This is the quotient of
the group CSp4(q) by the subgroup Z generated by uwuw. We can choose a Sylow 2-
subgroup S such that its center is generated by the classes of the elements u and wuw. It
can be checked that any involution in S that is represented by the class of an involution
in the SCSp has the property that its centralizer in S has 2-rank at least 3. This fact
is obtained by noting that any such involution is centralized by another, such that the
subgroup generated by the two has order 4 and does not contain a representative of the
center of S. For example, we note that the element C acts by conjugation on a Sylow
2-subgroup Ŝ of Sp2(q) = SL2(q). The group Ŝ is a quaternion group and hence C fixes,
modulo the center, an element D of order 4 (so that D2 = −I for I the identity matrix).
But then the diagonal block matrix with D in the corners centralizes both y and w in the
quotient and its class has order 2 in the quotient.
It remains to look at the centralizers of involutions in S that are represented by elements
of order 4 in SCSp. These are elements x with the property that x
2 is the negative of the
identity matrix. Note that if x is not in the group of diagonal 2× 2 block matrices, then
x must have the form
x = w
[
M 0
0 −M−1
]
= w
[
M 0
0 M−1
]
u
for some M . But then x is the product of two involutions that commute in the quotient.
So we are back to the previous case.
So consider elements having the form
x =
[
X 0
0 Y
]
where X2 = −I = Y 2. An eigenvalue argument shows that Sp2(q)
∼= SL2(q) has only one
conjugacy class of elements of order 4. The eigenvalues of such an element must be ζ and
−ζ where ζ is a fourth root of unity (which may not exist in Fq). So we may assume that
X = B = Y . The class of this element in PCSp4(q) commutes with the classes of both w
and the central element u. The group generated by Sp2(q) and the element y might have
an additional class of elements of order 4. The two eigenvalues of such an element have
to be equal and hence the element is central. Indeed, this only happens if q ≡ 1 (mod 4)
and in such case PCSp2(q)
∼= C2 ×PSp2(q). Hence, if X and Y are such elements, then x
is central and the center of the chosen Sylow 2-subgroup of PCSp4(q) has rank 2. So we
are done also in this case.
Suppose that G ∼= PSp4(q). A Sylow 2-subgroup S of G is a subgroup of index 2 in
a Sylow 2-subgroup SPCSp of PCSp4(q) generated by the class of the element w and the
classes of the block diagonal elements where the blocks come from a Sylow 2-subgroup of
Sp2(q). Then the centralizer of every involution in this group has 2-rank at least 3. This
claim is proved by an examination of the centralizers in the above case, and noticing that
every involution in S commutes with some noncentral involution that is also in S.
6.7. Type C3. A Sylow 2-subgroup of Sp6(q) is isomorphic to a direct product S = S1×S2,
where S1 is isomorphic to a Sylow 2-subgroup of Sp4(q) and S2 to a Sylow 2-subgroup of
Sp2(q). Hence, the center of S is elementary abelian of rank 2. Moreover, by comparison
with B2, we can see that the elements of this center commute with the additional involution
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in a Sylow 2-subgroup of CSp6(q). Thus, the center of this Sylow 2-subgroup has rank 2,
and neither group has a maximal elementary abelian 2-subgroup of rank 2.
For the groups PSp6(q) and PCSp6(q), the centralizer in a Sylow 2-subgroup S of any
involution in S has 2-rank at least 3. In the case of PSp6(q), a Sylow 2-subgroup has the
form S = (S1 × S2)/〈(x, y)〉, for S1 and S2 as above and x and y central involutions in S1
and S2, respectively. An involution in S is represented by an element (u, v). If u and v are
involutions, then it is centralized by any involution (w, 1) for w an involution in S1. By
the argument in the case of type B2, there are sufficiently many such involutions. So we
only need to consider the case that u2 = x and v2 = y. If there is a noncentral involution
w in S1 that commutes with u, then again the class of (w, 1) in S together with those of
(u, v) and (x, 1) generate a rank 3 subgroup of S. Otherwise, by the same argument as
for the group B2, there is an element w in S1 such that w
2 = x = wuwu. However, recall
that y is the involution in a quaternion group S2 and hence there is an element r in S2
such that r2 = y = rvrv. Thus, the class of (w, r) is an involution in S that commutes
with (u, v). For PCSp6(q) the proof is similar.
6.8. Type 3D4. Fong and Milgram [23] study in great detail the 2-local structure of G
and describe the structure of the centralizers of the Klein four groups in a fixed Sylow
2-subgroup of G. They prove that these split into two conjugacy classes and that their
centralizers both have 2-rank 3. However, their proof seems to be only good for the case
that q ≡ 1 (mod 4). For the general situation we refer to [24], in which Fong and Milgram
present a detailed description of a Sylow 2-subgroup S of G, and a routine verification
shows that every involution is contained in an elementary abelian subgroup having rank at
least 3. Therefore there are no maximal elementary abelian 2-subgroups of rank 2. Note
that in the papers [24] and [22], the group that the authors denote D24(q) is the triality
group which is now denoted 3D4(q) in general.
In [24] (see in particular, Sections 2A, 1A and 1B) a Sylow 2-subgroup is presented as
an extension of a maximal subgroup H, isomorphic to a central product of two quaternion
groups, by a group of order 2. The two quaternion subgroups are presented as 〈ui, vi〉,
i = 1, 2 where u2
m−1
i = v
2
i , viuiv
−1
i = u
−1
i , v
4
i = 1 and v
2
1 = v
2
2 . The other generator of S
is an involution t that acts on the central product of the quaternion groups by tuit = u
−1
i ,
tvit = viui. Here, m is the largest number such that 2
m divides either q − 1 or q + 1.
We have seen in the case of PSL4(q), that any involution in the central product of the
quaternion groups H is contained in a elementary abelian subgroup of rank 3. So it is
only necessary to consider involutions of the form th for h ∈ H. The only involutions
in this case have the form tua1u
b
2 for some a and b. Any such element commutes with
the involution u2
m−2
1 u
2m−2
2 as well as the central involution u
2
1. Hence, such an element is
contained in a maximal elementary abelian subgroup of rank 3.
6.9. Type G2. A Sylow 2-subgroup of G is described in detail in [24]. It is isomorphic
to a Sylow 2-subgroup of 3D4 and the above analysis proves that there are no maximal
elementary abelian 2-subgroups of rank 2.
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7. Simple groups associated to finite groups of Lie type
As stated in Definition 1.1 we take a finite group of Lie type to mean a group of the
form GF for G a connected reductive algebraic group and F a Steinberg endomorphism.
For example, fixing a standard Frobenius Fq and letting G vary over the different groups
within the isogeny type An−1 produces SLn(q), PGLn(q), and potentially other groups of
the same order (parametrized by the common factors of n and q − 1); see Remark 2.5.
Besides such groups, it may also be of interest to know what happens for the associated
finite simple groups, such as PSLn(q), which instead arise as G
F/ZF , where G is a simply
connected simple algebraic group with center Z, and F a Steinberg endomorphism—these
groups may also be written differently as Op
′
((G/Z)F ), see [33, Proposition 24.21] and
Remark 2.5.
When ℓ = p, a calculation of the rank of TF (G) for G = GF /ZF follows directly from
Theorem A, via Theorem 1.2, as GF → GF /ZF induces an isomorphism on p-fusion. For
ℓ 6= p the situation is more complicated. Here we show that TF (GF /ZF ) is often, but not
always, isomorphic to TF ((G/Z)F ), with the precise result given in the following theorem:
Theorem 7.1. Let GF be a finite group of Lie type, where G is simply connected and
simple, with center Z, and set G = GF/ZF . Assume that ℓ does not divide p and that the
ℓ-rank of G is at least 2. Then TF (G) ∼= Z except in the following cases.
(a) If ℓ = 2 and G ∼= PSL2(q) with q ≡ 1, 7 (mod 8), then TF (G) has rank 2.
(b) If ℓ = 2 and G ∼= PSU2(q) with q ≡ 3, 5 (mod 8), then TF (G) has rank 2.
(c) If ℓ ≥ 3, G ∼= PSLℓ(q) with q ≡ 1 (mod ℓ), and with q ≡ 1 (mod 9) if ℓ = 3, then
TF (G) has rank ℓ+ 1.
(d) If ℓ ≥ 3, G ∼= PSUℓ(q) with q ≡ −1 (mod ℓ), and with q ≡ −1 (mod 9) if ℓ = 3,
then TF (G) has rank ℓ+ 1.
(e) If ℓ = 3 and G ∼= 3D4(q), then TF (G) has rank 2 (see Theorem 3.1 and Sec-
tion 4.2).
Proof. All cases for ℓ = 2 are treated in Section 6, and the results are presented there.
Hence, we assume that ℓ > 2. The last case (e) was treated in Section 4. Otherwise,
observe that if ℓ does not divide the order of Z, then a Sylow ℓ-subgroup of G is an
isomorphic image of a Sylow ℓ-subgroup of GF . A list of the orders of the centers Z is
given in [33, Table 24.2]. The results in Sections 3 and 4, and the results in that table
enable us to reduce our considerations down to the cases of the finite groups of Lie type A
and E6. That is, in all the remaining groups not handled in a previous section, the rank
of TF (G) is one.
For the untwisted type E6, we need to consider ℓ = 3 with q ≡ 1 (mod 3). For type
2E6, we need to consider ℓ = 3 with q ≡ −1 (mod 3). In both cases, as in Section 4.5, the
3-rank of GF is equal to 6, and so a Sylow 3-subgroup of G has an elementary abelian
subgroup with rank at least 5. By Theorem 2.3, we conclude that G has no maximal
elementary abelian 3-subgroup of rank 2, and so TF (G) is cyclic.
For the untwisted type An, we need to consider the case when ℓ divides both n+1 and
q − 1. However, if n + 1 > ℓ, the ℓ-rank of G is greater than ℓ, and therefore G cannot
have any maximal elementary abelian ℓ-subgroup of rank 2. So it remains to consider the
case ℓ = n + 1 with q ≡ 1 (mod ℓ). Similarly, in the twisted case 2An, we may assume
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that ℓ = n+1 with q ≡ −1 (mod ℓ). Thus, it remains to calculate the ranks of TF (G) in
the cases (c) and (d) of the theorem.
Observe that if ℓ = 3, with 3 dividing q − 1 and 9 not dividing q − 1, then a Sylow
3-subgroup of PSL3(q) is elementary abelian of order 9. The same holds for PSU3(q) if 3
divides q + 1 and 9 does not divide q + 1. Hence, TF (G) has rank one in both of these
cases.
We note that the ℓ-local structures of PSLℓ(q) with ℓ dividing q − 1 and PSUℓ(q) with
ℓ dividing q + 1 are very similar. We give the proof only in the case that G = PSLℓ(q).
The proof in the case of PSUℓ(q) follows by the same line of reasoning.
We use some of the notation of Section 4.4. In particular, let G = SLℓ(q) and Ĝ =
GLℓ(q). Let x denote the permutation matrix as given. Let b be the diagonal matrix with
entries 1, ζ, ζ2, . . . , ζℓ−1, where ζ is a primitive ℓth-root of unity. A Sylow ℓ-subgroup of
G has the form S = T ⋊ 〈x〉, where T is the collection of diagonal ℓ-elements in G. By
our assumptions, the order of T is ℓm for some m > 3. The center of S, which is also the
center of G, is generated by the scalar matrix z = ζI. The subgroup generated by the
class of b is the center of S/〈z〉 which is a Sylow ℓ-subgroup of PSLℓ(q). Any element of S
that is not in T is a power of an element of the form ax for some a ∈ T . Note that every
such element has order ℓ.
We are again interested in subgroups that we call “Q2-elementary”, that is, any sub-
group H of S with the property that H/〈z〉 is elementary abelian of rank 2 in PSLℓ(q).
Such a subgroup, if it is not contained in T , must have the form Ha = 〈ax, b, z〉 for some
a in T . Note that Ha = Ha′ if and only if a
′a−1 ∈ 〈b, z〉. So there are |T |/ℓ2 such sub-
groups. A direct calculation shows that NS(Ha) has order |S|/ℓ
4. Thus there are exactly
ℓ S-conjugacy classes of such subgroups.
Let γ be a generator of the Sylow ℓ-subgroup of the multiplcative group F×q of the
nonzero elements in the ground field. Let α and β be the diagonal matrices with diagonal
entries given as
α = Diag(1, . . . , 1, γ−1, γ) and β = Diag(1, . . . , 1, γ).
Note that α ∈ SLℓ(q) while β ∈ GLℓ(q) does not have determinant 1. The reader should
check that αx = βxβ−1. Let Hi = 〈α
ix, b, z〉, for i = 0, . . . , ℓ− 1. All of these subgroups
are conjugate by some power of the element β. Our purpose is to show, however, that
none of them are conjugate in G. The theorem will hence follow, because our observation
implies that the classes Hi/〈z〉 for 0 ≤ i < ℓ are distinct conjugacy classes of maximal
elementary abelian ℓ-subgroups of PSLℓ(q) of rank 2. The subgroup T/〈z〉 also has a
maximal elementary abelian subgroup E/〈z〉, and none of the Hi’s is conjugate to a
subgroup of E since the latter is abelian.
To finish the proof we examine the normalizers NG(Hi). Because, each Hi is conjugate
to each Hj in Ĝ = GLℓ(q), their normalizers are also conjugate in Ĝ. In particular, all
these normalizers are isomorphic to each other.
Consider the subgroup N = NG(H0), the normalizer in SLℓ(q) of H0 = 〈x, b, z〉. The
group H0 is extraspecial of order ℓ
3 and exponent ℓ. Thus its outer automorphism group
is isomorphic to Sp2(ℓ) = SL2(ℓ) [6]. Because the centralizer of H0 in G is the center of
G, N is an extension
1 // ZH0 // N // U // 1
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where Z is the center of G and U is isomorphic to a subgroup of SL2(ℓ).
Observe that H0 is a proper subgroup of NS(H0). In particular, there is an element u of
T whose class generates the center of S/〈b, z〉 that is in NS(H0). Hence, U has an element
of order ℓ. Moreover, NG(T )/T is isomorphic to the symmetric group on ℓ letters. This
group has an ℓ−1 cycle that normalizes the subgroup generated by the class of the element
x. It must also normalize 〈b, z〉 and 〈u, b, z〉. Consequently, U contains the subgroup B of
upper triangular matrices in SL2(ℓ). Because B is a maximal subgroup of SL2(ℓ), we need
only show that U has at least one element that is not in B to conclude that U ∼= SL2(ℓ).
Let v be the Vandermonde matrix
v =


1 1 1 . . . 1
1 ζ ζ2 . . . ζℓ−1
1 ζ2 ζ4 . . . ζ2(ℓ−1)
...
...
... . . .
...
1 ζℓ−1 ζ2(ℓ−1) . . . ζ(ℓ−1)
2

 so that v
2 =


ℓ 0 . . . 0 0
0 0 . . . 0 ℓ
0 0 . . . ℓ 0
...
... . . .
...
0 ℓ . . . 0 0


Note that the columns (and also the rows) are eigenvectors for the matrix x with corre-
sponding eigenvalues 1, ζ, ζ2, . . . , ζℓ−1. Thus, we have that xv = vb. The computation of
the matrix v2 is straightforward as each row is orthogonal (under the usual dot product)
to all but one of the columns.
Next we note that the determinant of v2 is εℓℓ where ε = ±1, the sign depending on the
parity of (q − 1)/2. Because the group F×q is cyclic and ℓ is odd, the determinant of v is
an ℓth-power. That is, there is some µ in F×q such that Det(v) = µ
ℓ and µ2 = εℓ. Let w be
the product of v with the scalar matrix µ−1I. Then Det(w) = 1, xw = wb and w2 has the
same form as v2 except that the nonzero entries that are equal to ℓ in v2 are replaced by
ε in w2. That is, w2 = (1/εℓ)v2. So the final item to check is that w2xw−2 = x−1. Thus
we have that w−1xw = b and w−1bw = x−1. So w is in N and its class in U , identified in
a subgroup of SL2(ℓ), is the matrix [
0 1
−1 0
]
.
This element is not in the subgroup B, and hence we have shown that U ∼= SL2(ℓ).
A similar argument shows that N
Ĝ
(H0) = NG(H0)Ẑ, where Ẑ denotes the center of
GLℓ(q). The same holds if we replace H0 by Hi. The main point is that if g ∈ NĜ(Hi),
then the determinant of g is an ℓth power of some element in F×q .
Finally, suppose that there is an element g in G such that gHig
−1 = Hj for i < j.
We know also that βj−iHiβ
i−j = Hj. Therefore, β
i−jg ∈ N
Ĝ
(Hi). However, this is not
possible. Because γ is a generator of the Sylow ℓ-subgroup of the multiplicative group F×q
and 0 < i − j < ℓ, the determinant of βi−jg, which is equal to γi−j , is not an ℓth power.
Hence, Hi and Hj are not conjugate in G if i 6= j, and we are done. 
8. The case that G is simple and ℓ = p
For the defining characteristic situation the Sylow structure does not depend on the
isogeny type. However, TF (G) can depend on the isogeny type because it depends on the
fusion of ℓ-subgroups. The following theorem summarizes the calculation in TF (G) in the
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defining characteristic. Note that in the statement of the theorem we employ the notation
in [20, 15] involving the root system to denote simple groups with the same underlying
irreducible root system. For example, B2(p) include the groups of varying isogeny classes:
SO5(p) and Spin5(p) (cf. [20, 1.19]). The notation also indicates that the groups are
defined over the field Fp.
Theorem 8.1. Let G be a finite group of Lie type defined over Fq where the ambient
algebraic group G is simple. Moreover, let char k = ℓ = p. Then TF (G) ∼= Z, provided G
is not isomorphic to one of:
(a) A1(p),
(b) 2A2(p),
(c) 2B2(2
a+ 1
2 ) (for a ≥ 1),
(d) 2G2(3
a+ 1
2 ) (for a ≥ 0),
(e) A2(p),
(f) B2(p),
(g) G2(p).
In these cases TF (G) is given in Tables 8.1 and 8.2.
We proceed to justify this result. For the simple algebraic group G fix a F -stable
maximal split torus T. Let Φ be the root system associated to (G,T). The positive (resp.
negative) roots are Φ+ (resp. Φ−), and ∆ is a base consisting of simple roots.
Let B be a Borel subgroup containing T corresponding to the positive roots, and U be
the unipotent radical of B. Then B = U ⋊ T with B and U being F -stable. Set B = BF
and U = UF .
There are three kinds of finite groups of Lie type G according to the type of F : (i) the
untwisted groups, (ii) the twisted (Steinberg) groups and (iii) the Suzuki and Ree groups
(cf. [15, Section 4]). In case (ii), F involves a nontrivial isometry τ of order d of the
underlying Dynkin diagram, as well as the Frobenius map. The isometry τ induces a map
from Φ to the twisted root system Φ˜ of G. Furthermore, we can define an equivalence
relation on Φ˜ by identifying positive colinear roots, and let Φ̂ be the set of equivalence
classes. Therefore, we have mappings Φ → Φ˜ → Φ̂. Let ∆̂ be the image of ∆ under this
composition of maps and ∆˜ be the image of ∆ under Φ → Φ˜. There are root subgroups
of G and these are indexed by the elements of Φ̂. In the case that G is untwisted then
Φ = Φ˜ = Φ̂. In case G is a Steinberg group but not 2A2m(q) we have Φ˜ = Φ̂ (cf. [27,
Section 2.3] for more details).
As recalled in the proof of Theorem 3.3, there is a short exact sequence of groups
1 // ZF // Gsc // G // Z/L(Z) // 1 .
Set H = Z/L(Z).
In the case that ℓ = p, U is a Sylow p-subgroup of G. From [33, Table 24.2], p does
not divide |ZF |. Therefore, the Sylow p-subgroups of Gsc and of G are isomorphic for any
isogeny type, and so TF (Usc) ∼= TF (U).
Given a finite group of Lie type G where the underlying algebraic group is simple when
ℓ = p, one can make reductions to analyzing TF (G) in specific cases as follows. First,
TF (G) ∼= Z when |∆̂| ≥ 3 via [15, Theorem 7.3, 7.5]. Note that the proofs of these results
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depend only on the structure of the Sylow ℓ-subgroups. In the case when |∆̂| = 2, by [15,
Theorem 7.3, 7.5], TF (G) ∼= Z unless G is A2(p), B2(p) or G2(p). The computation for
TF (G) for these groups is given in Table 1.
Table 8.1: |∆̂| = 2
G rank TF (G)
A2(p)sc p = 2 2
A2(p)sc p ≥ 3, p− 1 6≡ 0 (mod 3) 3
A2(p)sc p ≥ 3, p− 1 ≡ 0 (mod 3) 5
A2(p)ad p = 2 2
A2(p)ad p ≥ 3 3
B2(p) p = 2, 3 1
B2(p) p ≥ 5 2
G2(p) p = 2, 3, 5 1
G2(p) p ≥ 7 2
Finally, in the case when |∆̂| = 1, the Sylow ℓ-subgroups are TI. The groups G with
|∆̂| = 1 are A1(q),
2A2(q),
2B2(2
a+ 1
2 ), and 2G2(3
a+ 1
2 ). If G = A1(q) or
2A2(q) with
q > p, the Sylow p-subgroups of G have a noncyclic center, and therefore TF (G) ∼= Z by
Theorem 1.2. For the remainder of the cases when |∆̂| = 1, TF (G) is given in Table 2 (cf.
[15, Section 5]).
Table 8.2: |∆̂| = 1
G rank TF (G)
A1(p) p ≥ 2 0
2A2(p)sc p = 2 0
2A2(p)sc p ≥ 3, p+ 1 6≡ 0 (mod 3) 1
2A2(p)sc p ≥ 3, p+ 1 ≡ 0 (mod 3) 3
2A2(p)ad p = 2 0
2A2(p)ad p ≥ 3 1
2B2(2
a+ 1
2 ) a = 0 0
2B2(2
a+ 1
2 ) a > 0 1
2G2(3
a+ 1
2 ) a ≥ 0 1
There is still some explanation needed to justify the data in the tables. We rely on
some of the computations in [15] in cases where there is one isogeny type. The results in
[15] were only stated for the adjoint groups. Our new result, Theorem 8.1, extends to all
finite groups of Lie type. We now proceed to dissect the cases when there is more than
one isogeny type.
For A1(p) a Sylow p-subgroup is cyclic of order p, and so TF (G) does not depend on
the isogeny type. For B2(p) = C2(p), we can use the calculations in [15, Section 8] which
will handle B2(p)sc (SO5(p)) and C2(p)ad (CSp4(p)).
TORSION FREE ENDOTRIVIAL MODULES 25
Next we consider the case of A2(p) where there are two isogeny types. Let U = Usc = Uad
denote a Sylow p-subgroup in either type. The Sylow p-subgroup U of G is an extraspecial
p-group of order p3 and exponent p, if p > 2, and U is a dihedral group of order 8, in case
that p = 2. If p = 2, then U has two maximal elementary abelian 2-subgroups which are
not conjugate in U or in G. Consequently, TF (G) ∼= Z⊕Z. If p > 2, then all the elements
of U have order p, and there are p+1 maximal elementary abelian p-subgroups which are
normal in U . They can be described as follows. Let α and β be simple roots so that U is
generated by xα and xβ. We have
xα =

1 0 01 1 0
0 0 1

 , xβ =

1 0 00 1 0
0 1 1

 , xα+β =

1 0 00 1 0
1 0 1

 .
Then the elementary abelian p-subgroups in U are the subgroups
E0 = 〈xα, xα+β〉, Ep = 〈xβ, xα+β〉, Ei = 〈xαx
i
β, xα+β〉 for i = 1, . . . , p − 1.
Note that
xαx
i
β =

1 0 01 1 0
0 i 1

 .
Consider the action by conjugation of the group D = {ta,b,c | a, b, c ∈ F
×
p } where ta,b,c
is the 3× 3 diagonal matrix with entries a, b, c. Let I be the 3× 3 identity matrix, and let
t = ta,b,c. We have that
txα+βt
−1 =

 1 0 00 1 0
a−1c 0 1

 , txαt−1 =

 1 0 0a−1b 1 0
0 0 1

 , txβt−1 =

1 0 00 1 0
0 b−1c 1

 , (1)
txαx
i
βt
−1 =

 1 0 0a−1b 1 0
0 b−1ci 1

 (2)
Under this action of D, it is easy to check that the subgroups E0, Ep, and E1 are in
distinct G-conjugacy classes. On the other hand, the set {Ei | i = 1, . . . , p − 1} is a
single D-conjugacy class because, given a nonzero t ∈ Fp and setting a = b, we can choose
0 6= c ∈ Fp with (b
−1c)i = t. This shows that TF (B) = Z⊕3 for G = PGL3(p).
Now, set Dˆ = {ta,b,c | abc = 1}. Then, in (2), we set a = b, that is, b
2c = 1. From (2),
we then have (b−1c)i = b−3i. If p−1 6≡ 0 (mod 3), then for any t ∈ F×p there exists b ∈ F
×
p
such that (b−3)i = t. If p−1 ≡ 0 (mod 3), let ζ be a generator of the multiplicative group
F×p . Then 〈b
−3〉 = 〈ζ3〉 and every element in 〈ζ3〉 is a cube. So to determine the number of
conjugacy classes of Dˆ on {Ei | i = 1, . . . , p− 1} we use the equation b
−3i = t to compute
the number of cosets of 〈ζ3〉 in F×p which is 3. Therefore, in this case the number of Dˆ-
conjugacy classes of elementary abelian p-subgroups of rank 2 in U is 5. In summary, for
G = SL3(p) then TF (B) = Z
⊕3 (resp. Z⊕5) when p 6≡ 1 (mod 3) (resp. p ≡ 1 (mod 3)).
Now we can show that TF (G) ∼= TF (B) by using the Bruhat decomposition.
Next we consider the case of 2A2(p). When p = 2, U is a quaternion group and the
2-rank of U is one. Therefore, in this case TF (G) = {0}.
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Now assume that p ≥ 3. The case where G = SU3(p) was done in [15, Section 5]. This
corresponds to the simply connected case 2A2(p)sc (not the adjoint case as incorrectly
stated in [15, Section 5]). Now consider G = PGU3(p) for p ≥ 3. As in the untwisted
case we consider D = {ta,b,c | a, b, c ∈ F
×
p2
}, and D ∩GU3(p). The relations we obtain by
intersecting are acp = 1, bp+1 = 1, and cap = 1. In U there are p + 1 elementary abelian
p-subgroups of p-rank 2 given by Ei = 〈xi, z〉, 1 ≤ i ≤ p + 1. See [15, Section 5] for the
definition of xi and z. Let t be a generator for F
×
p2
. For tj , we can find a ∈ Fp2 and b, c
such that a−1b = tj satisfying the aforementioned relations as follows. Set a = t(p−1)−j,
b = tp−1 and c = t−((p−1)−j)p. Then
ta,b,cxit
−1
a,b,c =

 1 0 0a−1bti 1 0
cbi b
−1ctip 1

 =

 1 0 0ti+j 1 0
cbi t
(i+j)p 1

 (3)
This shows that under conjugation by elements in D∩GU3(p), there is a single conjugacy
class among {Ei | 1 ≤ i ≤ p+ 1}. Hence, for G = PGU3(p) with p ≥ 3, TF (G) ∼= Z.
9. Extending the results from simple to reductive groups
In this section we consider finite groups of Lie type that arise from arbitrary connected
reductive algebraic groupsG. We show that the torsion free rank of the group of endotrivial
modules in this case can be obtained by considering the components of the decomposition
as products of simple groups.
The following theorem is a general result, independent of groups of Lie type, and it
will be very useful in the analysis of the group of endotrivial modules the case that G is
semisimple.
Theorem 9.1. Suppose that H = H1H2 is a finite group with [H1,H2] = 1, and suppose
that rkℓ(H) ≥ 2. Let S be a Sylow ℓ-subgroup of H, let Si be a Sylow ℓ-subgroup of Hi for
i = 1, 2, and let k be a field of characteristic ℓ. Then TF (H) ∼= Z provided none of the
following sets of conditions is satisfied.
(a) ℓ ∤ |H/H1| and TF (H1) ≇ Z. In this case TF (H) ∼= TF (H1).
(b) All of the following conditions hold:
(i) ℓ divides |H1 ∩H2|, and ℓ divides |H/Hi| for i = 1, 2,
(ii) S1 is cyclic or quaternion,
(iii) S2 has a maximal elementary abelian subgroup of rank two.
(c) Condition (b)(i) and both of the following conditions hold:
(i) S1 is cyclic,
(ii) S2 contains an element x2 such that CS2(x2) is cyclic, and has index ℓ in
NS2(〈x2〉).
(d) Condition (b)(i) and the following conditions hold:
(i) ℓ = 2,
(ii) S1 has an element x1 such that CS1(x1) is cyclic and has index 2 in NS1(〈x1〉)
which is a quaternion group with the property that x21 ∈ S1 ∩ S2
(iii) S2 contains an element x2 such that CS2(x2) is cyclic, and has index 2 in
NS2(〈x2〉), and x
2
2 ∈ S1 ∩ S2.
(e) Any of the above with the pair S1,H1 interchanged with S2,H2.
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Proof. Our aim is to show that a Sylow ℓ-subgroup S = S1S2 of H = H1H2 can have
a noncentral maximal elementary abelian ℓ-subgroup of rank 2 only if one of the sets of
conditions listed in the theorem is satisfied. Given the assumptions that the ℓ-rank of H
is at least two, the existence of such a subgroup is necessary, though not sufficient, for the
result that TF (H) 6∼= Z.
Suppose first that ℓ ∤ |H/H1|. ThenH1 controls ℓ-fusion inH and so, by Proposition 2.4,
TF (H) ∼= TF (H1) as abelian groups. Hence, if TF (H) ∼= Z, then condition (a) cannot
hold.
Note that if ℓ ∤ |H1 ∩H2| and if ℓ | |Hi| for i = 1, 2, then the center Z(S) of S is not
cyclic and so TF (H) ∼= Z. As a result, from here on we may assume that condition (b)(i)
holds and that Z(S) is cyclic. Suppose that E is a maximal elementary abelian subgroup
of S of rank two. Then E = 〈x1x2, z〉 where xi ∈ Si and where z is an element of order ℓ
in S1 ∩ S2 ≤ Z(S).
Suppose that x1 = 1. Then E ≤ S2 and must be a maximal elementary abelian subgroup
of S2. Moreover, if S1 has rank 2 or more, then there is an element x of order ℓ ∈ S1
that is not in S2. In that case E is not maximal elementary abelian since it is contained
in 〈x, x2, z〉 which is elementary abelian. Hence, S1 has ℓ-rank one and must be cyclic or
quaternion. This is the situation described by condition (b)(ii) of the theorem.
So we may assume that neither x1 nor x2 is the identity and neither is contained in
S1 ∩ S2. Note that if x1 has order ℓ, then so also does x2 and in that case 〈x1, x2, z〉 is an
elementary abelian ℓ-subgroup of S of rank three containing E, a contradiction. Hence, we
must have that both x1 and x2 have order exceeding ℓ. Also, x
ℓ
1 = x
−ℓ
2 ∈ S1∩S2. If CS1(x1)
has an element u of order ℓ that is not also in S2, then 〈u, x1x2, z〉 is elementary abelian
of rank 3 and contains E, which cannot happen. Therefore, the only elements in CS1(x1)
that have order ℓ are in 〈z〉. In particular, we may assume that z ∈ CS1(x1) ∩ CS2(x2)
and that CS1(x1) has ℓ-rank one and is cyclic. Note that CS1(x1) cannot be a quaternion
group, because x1 has order larger than 2. Moreover, because CS1(CS1(x1)) ≤ CS1(x1),
the groups CS1(x1) and CS2(x2) are both selfcentralizing in S1 and S2 respectively.
Suppose that S1 is cyclic. If S2 is also cyclic, then S is abelian and any subgroup of S
is central in S. Thus we assume that S2 is not cyclic and that there exists an element u
in NS2(〈x2〉), with u not in the centralizer of x2. Then u centralizes x
ℓ
2 which is central.
Consequently, uℓ is in CS2(x2). Indeed, we have that ux2u
−1 = x2z
a for some a. That is,
any automorphism of 〈x2〉 having order ℓ must have this form. In addition, by replacing
u by some power of itself, we may assume that a = 1 and that NS2(〈x2〉) is not abelian.
Thus we are in the situation of the set of conditions (c) of the theorem. Note that if ℓ > 2,
then NS2(〈x2〉) is not cyclic, and hence it must have ℓ-rank at least two. Thus we can
assume that the element u, chosen above, has order ℓ. If ℓ = 2, then NS2(〈x2〉) could be
a quaternion group.
Finally, we assume that neither S1 nor S2 is cyclic. Then both NS1(〈x1〉) and NS2(〈x2〉)
are nonabelian groups such that each has a maximal cyclic subgroup as noted above. If
ℓ > 2, then Si has an element ui of order ℓ and having the property that uixiu
−1
i = xiz for
i = 1, 2. However, this case is not possible because then the subgroup 〈u1u
−1
2 , x1x2, z〉 is
elementary abelian of rank 3 and contains E. So we can assume that ℓ = 2. Moreover, as
we have just seen, for only one of i = 1, 2 can the subgroup NSi(〈xi〉) have an element of
order 2 that is not in CSi(xi). Thus we can assume that NS1(〈x1〉) is a nonabelian group
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with only one element of order 2. Hence, it is a quaternion group and the set of conditions
(d) is satisfied. 
We present important data that we need concerning finite reductive groups of Lie type
that will be used for the remainder of this section.
Suppose that G is a connected reductive algebraic group and F a Steinberg endomor-
phism of G. From [20, 1.8], we have that G = [G,G] ·S where the derived subgroup [G,G]
is semisimple and S = Z(G)0 is the connected center of G. The intersection of these groups
Z = [G,G] ∩ S is a finite group.
Therefore, we have an exact sequence
1 // Z // [G,G]× S // G // 1 (4)
Set G = GF and Gss = [G,G]
F . Upon taking fixed points, one obtains an exact
sequence (cf. [33, Lemma 24.20])
1 // ZF // Gss × S
F ψ
// G // ZF // 1 (5)
with ψ injective on restriction to both Gss and S
F .
Since [G,G] is semisimple one can express [G,G] = H1 · · ·Hs where each Hi is a central
product of ni isomorphic simple algebraic groups Ki where F preserves Hi and H
F
i
∼= KF
ni
i
[27, Proposition 2.2.11], the fixed points of Ki under F
ni . So there is an exact sequence
1 // A // H1 × · · · ×Hs // [G,G] // 1 (6)
for a finite abelian group A of order prime to p. Once again, we apply [33, Lemma 24.20]
to get the exact sequence
1 // AF // HF1 × · · · ×H
F
s
// Gss // AF // 1. (7)
For each i, set Hi = H
F
i ≤ Gss. In addition, we have the following statements.
(i) |ZF | = |Z
F | and |AF | = |A
F |.
(ii) Suppose that x is an element in G that it not in Gss. For any i, conjugation by x
preserves Hi. Moreover, if Hi is GUn(q), SUn(q) or Spn(q), then x induces on Hi
an automorphism that coincides with conjugation by an element in (respectively)
GLn(q), GUn(q) or CSpn(q).
For (i), we sketch an argument for |ZF | = |Z
F |. This is equivalent to showing that
|Gss × S
F | = |G|. Notice that we have the following description:
G = GF = {ab : a ∈ [G,G], b ∈ S, F (a) = az, F (b) = bz−1 for some z ∈ Z}.
For a fixed z ∈ Z set
Gz = {ab : a ∈ [G,G], b ∈ S, F (a) = az, F (b) = bz
−1}.
It can be directly verified that |Gz| = |Gss × S
F | = |G|/|Z|. Consequently,
|G| =
∑
z∈Z
|Gz | =
∑
z∈Z
|Gss × S
F |/|Z| = |Gss × S
F |.
The other identity follows by a similar argument.
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For (ii), let x ∈ G with x /∈ Gss. From (5), x = gs where g ∈ Gss and s ∈ S
F where
s 6= 1. Moreover, from (7), g = h1h2 . . . hs with hj ∈ Hj for j = 1, 2, . . . , s. Therefore,
since s is central and H1 · · ·Hs is a central product, for i = 1, 2, . . . , s, xh
′
ix
−1 = hh′ih
−1
i
for all h′i ∈ Hj .
The main theorem of this section is the following.
Theorem 9.2. Suppose that G is a finite group of Lie type with G = GF for G a connected
reductive algebraic group over an algebraically closed field of characteristic p, and F a
Steinberg endomorphism. Assume that TF (G) has rank greater than one. If ℓ 6= p then
G ∼= U × V where V has order prime to ℓ and TF (U) ∼= TF (G). Moreover,
(a) If 2 < ℓ 6= p then U is one of the groups listed in Theorem 3.1.
(b) If ℓ = 2 6= p then U is one of the groups listed in Theorem 5.1 and V is abelian.
In the event that ℓ = p, the defining characteristic, then G/Op′(G) is one of the groups
listed in Theorem 8.1 (See also Tables 8.1 and 8.2) and Op′(G) is abelian.
The proof proceeds in three steps depending on the characteristic and the parity of the
prime ℓ. Throughout the proof we assume the above notation. Notice that the groups Hi
are not abelian because they are contained in the commutator subgroup [G,G].
Notice that if G = U × V , and ℓ does not divide |V |, then any endotrivial kU -module
becomes an endotrivial kG-module on inflation. Similarly, an endotrivial kG-module be-
comes an endotrivial kU -module on restriction. Thus TF (G) ∼= TF (U).
Proof in the case that ℓ = p. In the case that ℓ = p, the groups ZF and ZF have order
relatively prime to ℓ. Hence ψ induces an isomorphism on Sylow ℓ-subgroups. If, in the
exact sequence (7), there is more than one factor Hi that has order divisible by ℓ, then
a Sylow ℓ-subgroup S of G is a direct product of Sylow ℓ-subgroups of the Hi’s. In such
a case, the center of S has ℓ-rank two and there are no noncentral maximal elementary
abelian subgroups of rank 2. Thus there can be only one factor whose order is divisible by
ℓ. Because ℓ is the defining characteristic of every factor Hi, there can be only one factor.
It follows that Op′(G) is an abelian group and that G/Op′(G) is one of the groups listed
in Theorem 8.1. 
Next we address the odd characteristic case.
Proof of Theorem 9.2 in case ℓ ≥ 3 is not the defining characteristic. Assume that TF (G)
has rank two or more. The first thing to note is that if ℓ divides the order of two or more
of the Hi’s but does not divide |Z(Hi)|, then a Sylow ℓ-subgroup of Hi is a direct factor
of that of G. In such a case, the center of a Sylow ℓ-subgroup of G has ℓ-rank at least
two, which is not possible.
From the above and the tables of centers of the finite groups of Lie type (Table 24.2 of
[33]), we may assume that if the odd prime ℓ divides |Hi|, then Hi has one of the types:
An−1(q) for ℓ | (n, q−1),
2An−1(q) for ℓ | (n, q+1), E6(q) with ℓ = 3, or
2E6(q) with ℓ = 3.
The last two can be eliminated from the list, because the 3-ranks of E6(q) and
2E6(q) are
always at least 6 (see Theorem 2.3).
Further reductions are possible in the first two cases if p ≥ 5. That is, if Hi ∼= SLn(q)
and ℓ divides (n, q−1), then the ℓ-rank of Hi is at least n−1. Also the case if Hi ∼= SUn(q)
and ℓ divides (n, q + 1). Hence, if there are two components Hi having order divisible by
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ℓ, then the ℓ-rank of G must be at least (ℓ−1)+(ℓ−1)−1 = 2ℓ−3, which is greater than
ℓ if ℓ ≥ 5. So again, by Theorem 2.3 we are done. That is, only one of the Hi’s (say H1)
has order divisible by ℓ, and any element of order ℓ whose image in ZF has order ℓ acts
on H1 by an element of SLℓ(q) or SUℓ(q) as appropriate. Such groups have been treated
earlier.
The same argument shows that if ℓ = 3, then the Lie rank of Hi must be n − 1 = 2.
Moreover, the number of components Hi having order divisible by 3 is at most 2. So we
assume that there are two components H1 and H2 that are not abelian and have the form
Hi = SL3(qi) where 3 divides qi − 1, or Hi = SU3(qi) with 3 dividing qi + 1. Suppose
that 3ti is the highest power of 3 dividing qi − 1 or qi + 1 as appropriate. Then a Sylow
3-subgroup of Hi has the form Qi = 〈xi, yi, wi〉, where Ti = 〈xi, yi〉 is a normal maximal
subgroup where xi and yi have order 3
ti and wixiw
−1
i = y
−1
i , wiyiw
−1
i = xiy
−1
i . All of the
elements in Si that are not in Ti have order ℓ = 3.
Notice that if ZF = {1}, then ZF is also trivial and we are done by Theorem 9.1. Let
J denote the image of ψ of a Sylow 3-subgroup of Gss × S
F . Then J ∼= Q1Q2W where
W = ψ(SF ) and Qi is a Sylow 3-subgroup ofHi. Again, by Theorem 9.1, J has no maximal
elementary abelian subgroups of 3-rank 2. Suppose that Q is a Sylow 3-subgroup of G
containing J . We are assuming that ZF ∼= C3 ∼= ZF , and this is isomorphic to the center
of H1.
Still in the case that ℓ = 3, assume first that H1 ∼= SL3(q) for some q such that 3 divides
q − 1. Suppose that y is an element of Q, that is not in J , and suppose that y has order
3. Then conjugation by y is the same automorphism on H1 as an element y
′ of GL3(q).
But now, y′ is conjugate by an element of SL3(q) to an element of a diagonal elementary
abelian subgroup E1 of order 27. It can be assumed that E1 is generated by y
′ and two
elements in SL3(q). The conclusion is that the subgroup generated by y and Q1 has 3-rank
3. A very similar argument works in the case that H1 ∼= SU3(q). Hence, the subgroup
generated by y and Q2 also has 3-rank 3. It follows that the Sylow 3-subgroup Q has
3-rank at least 4, and hence has no maximal elementary abelian subgroups of 3-rank two.
At this point, for any ℓ ≥ 3, we have shown that only one of the Hi’s (say H1) can have
order divisible by ℓ. If s = 1, then we are done. So assume that s ≥ 2. In such a case,
|ZF | = |Z
F | is not divisible by ℓ. Hence, all ℓ-subgroups of G are in H1. It follows from
our assumptions, that TF (H1) has rank greater than one, and H1 is one of the groups
listed in in Theorem 3.1, In any of these cases, |ZF | = |Z
F | would have to be either ℓ or 1.
Because ℓ does not divide the order of any Hj for j > 1, we conclude that V = H2 · · ·Hs
is a direct factor of G. This finishes the proof in this case. 
We can now finish the proof of the theorem.
Proof of Theorem 9.2 in case ℓ = 2 is not the defining characteristic. Note, that if s = 1,
i.e., if G = H1, then the theorem is already proved in Section 6. That is, groups such as
GLn(q) and CSpn(q) that could occur in such a situation are treated in that section.
We assume that G = GF has the property that TF (G) has rank greater than one.
Recall that this means that the 2-rank of G can not be 5 or more. We use the notation
of the theorem. Observe first that every factor Hi, being a nonabelian finite group of Lie
type, has even order, as does Hi/Z(Hi). In addition, the order of the center of any factor
must be even, as otherwise a Sylow 2-subgroup of Hi is a direct factor of some Sylow
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2-subgroup of G and hence its center has 2-rank greater than one. As a result we can
assume that every Hi has type An, for n odd, Bn, Cn, Dn or E7 by the table of orders of
centers in [33, Table 24.2].
If a Sylow 2-subgroup of Hi has a characteristic elementary abelian 2-subgroup of rank
3, then a Sylow 2-subgroup of G has a normal elementary abelian subgroup of 2-rank 3.
Thus, TF (G) ∼= Z, violating our assumption. By Theorem 5.4 (see also the arguments
surrounding Proposition 5.5), we may assume that Hi does not have type An for n > 3,
A3 with q ≡ 1 (mod 4),
2A3 with q ≡ −1 (mod 4), Bn for n ≥ 3, Dn, or E7. That is,
every Hi has one of the types A1, A3 with q ≡ 3 (mod 4),
2A3 with q ≡ 1 (mod 4), B2,
C3 or C4.
Assume first that 2 does not divide |ZF | and hence also does not divide |ZF |. Then
the image of a Sylow 2-subgroup of H = H1 · · ·Hs × S
F is a Sylow 2-subgroup of G. In
addition, 2 does not divide |SF | as otherwise, the center of a Sylow 2-subgroup of G would
have 2-rank at least 2.
We consider first the cases that Hi has type A3 with q ≡ 3 (mod 4),
2A3 with q ≡ 1
(mod 4), B2, C3 or C4. In Theorem 9.1, only Condition (d) can apply. Let Qi be a Sylow
2-subgroup of Hi. Regardless of whether Qi is S1 or S2 in Theorem 9.1, Qi has an element
x with the property that CQi(x) is cyclic and x
2 is a generator for the center of Qi. In S1
(Theorem 9.1), there is such an element in a quaternion group. Hence, x has order 4.
Suppose that Hi has type A3 or
2A3. Notice that there are two isogeny types in each
case and the adjoint types have trivial centers. So Hi must be either SL4(q) for some q
with q ≡ −1 (mod 4) or SU4(q) for q with q ≡ 1 (mod 4). In both situations, Qi is a
subgroup of index 2 in a wreath product (U × U) ⋊ C2 where U is a semidihedral group
(see Section 6.3). An element x as above, can have one of two forms. First, it could be
x = (u1, u2) for u1, u2 ∈ U and u
2
1 = z = u
2
2 where z is the central involution in U . But
this element is centralized by (z, 1) and so its centralizer is not cyclic. The other possibility
is that x = (u1, u2)w where conjugation by w switches the two U factors. In this case
u1u2 = z = u2u1. So this element is centralized by y = (u1, u1). If y is not in SL4(q), that
is, if the determinant of u1 is not ±1, then y
2 is in Hi but not in the subgroup generated
by x. So we see that Hi has no element of order 4 whose centralizer is cyclic. Therefore,
Hi can not have type A3 or
2A3.
Next consider the case that Hi has type B2. Then Hi ∼= Sp4(q) for some q. A Sylow
2-subgroup S of Hi is a is a wreath product (Q×Q)⋊C2, where Q is a quaternion group
(see Section 6.6). By an argument that is almost identical to the above we can show that
S has no element of order 4 whose centralizer is cyclic. Therefore, Hi cannot have type
B2. A similar argument shows that Hi can not have type C3 or C4. Indeed, the Sylow
2-subgroups of Sp6(q) and Sp8(q) have normal elementary abelian subgroups of 2-rank 3
and 4, respectively, and they must be normal also in some Sylow 2-subgroup of H.
Still assuming that 2 does not divide |ZF |, we are down to the case that all factors Hi
have type A1. Thus, Hi ∼= SL2(q) or SU2(q). In either case, a Sylow 2-subgroup of Hi is
quaternion. An direct calculation shows that the central product of two quaternion groups
has maximal elementary abelian subgroups of rank 3 only. It is can be checked that there
is no element of order 4 in a central product of two quaternion groups whose centralizer
is cyclic. Hence, if H is the central product of several factors of type A1, then the rank of
TF (H) is not greater than one.
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Thus, we have in this case that 2 does not divide |ZF |, that s = 1 and the Sylow
2-subgroups of G lie in H1. Therefore, TF (H1) must have rank at least 2 as an abelian
group and H1 is one of the groups listed in Theorem 5.1. Note that these groups have
trivial centers, implying that ZF is trivial. Hence, G ∼= H1 × S
F as asserted.
Now we assume that 2 divides |ZF |. Let
H = H1 · · ·HsU ⊆ G
be the image of the map ψ in sequence (5). That is, U = ψ(SF ). Note that ψ is injective
on the subgroup Ĥ = H1 · · ·Hs. If the image of a Sylow 2-subgroup of Ĥ is a proper
subgroup of a Sylow 2-subgroup of H, then by an argument as above, a Sylow 2-subgroup
of H has no maximal elementary abelian subgroups of rank 2. Indeed, the argument is
much easier, because in this case no element of HiU can have a cyclic centralizer for any
i, and part (d) of Theorem 9.1 does not apply. Of course, the same happens if the image
of a Sylow 2-subgroup of Ĥ is a Sylow 2-subgroup of H.
Let Q be a Sylow 2-subgroup of G, containing a Sylow 2-subgroup J of H. If Q has
a maximal elementary abelian 2-subgroup of rank 2, then it must have an involution x
whose centralizer in Q has rank two. By the above argument, there is no such element
in J . Let x be an involution in Q that is not also in J . We propose to show that the
centralizer of x in Q has 2-rank at least 3. Recall, that x acts on any Hi as an element of
the conformal group of the same type (see item (ii) following sequence (7)). We consider
the possible types that may occur.
Suppose, for some i, that Hi has one of the types A3 with q ≡ 3 (mod 4),
2A3 with
q ≡ 1 (mod 4), or B2. Then conjugation by x on H1 is the same as conjugation by an
element of GL4(q), GU4(q) or CSp4(q) as appropriate. However, it has been shown in
Section 6.3 and 6.6, that the centralizer, in a corresponding Sylow 2-subgroup, of any such
element has 2-rank at least 3. That is, Q has an elementary abelian subgroup 〈x, y, z〉 of
order 8 with y and z contained in J . A similar argument yields the same results in the
cases that Hi has type C3 or C4 (see Section 6.7).
So we need only consider the case that H1 and H2 have type A1. In this case a Sylow
2-subgroup Q of GL2(q) is semidihedral and there is a subgroup Q̂ of index 2 in Q that
is a Sylow 2-subgroup of Hi. The involution x must act on Q̂ as an element in a dihedral
subgroup of Q. Thus, we are looking at the involution x in the central product of two
dihedral groups. It is not difficult to compute that the centralizer of such an element in
the central product, has 2-rank at least 3. So again we are done in this case.
We have shown that s = 1. That is, there is only one factor Hi in the decomposition of
[G,G]. Moreover, by our assumption, 2 divides the order of the center of H1. Such groups
have been treated in Section 6, and for none does TF (G) have rank greater than one. 
This concludes the proof of the main theorem of the paper as stated in the introduction.
Proof of Theorems A and B. Theorem 9.2 together with Theorems 3.1, 5.1 and 8.1 give a
complete proof of Theorem B, of which Theorem A is a consequence. 
References
[1] J. Alperin, A construction of endo-permutation modules, J. Group Theory, 4, (2001), 3–10.
TORSION FREE ENDOTRIVIAL MODULES 33
[2] K. K. S. Andersen and J. Grodal. The classification of 2-compact groups. J. Amer. Math. Soc.,
22(2):387–436, 2009.
[3] K. K. S. Andersen, J. Grodal, J. M. Møller, and A. Viruel. The classification of p-compact
groups for p odd. Ann. of Math. (2), 167(1):95–210, 2008.
[4] H. Azad, Semi-simple elements of order 3 in finite Chevalley groups, J. Algebra, 56, (1979),
481–498.
[5] T. Barthel, J. Grodal, and J. Hunt. Lifting G–stable endotrivial modules (in preparation).
[6] D. J. Benson, J. F. Carlson, The cohomology of extra special groups, Bull. London Math. Soc.,
24, (1992), 209–235.
[7] N. Blackburn, On a special class of p-groups, Acta Math., 100, (1958), 45–92.
[8] A. Borel. Sous-groupes commutatifs et torsion des groupes de Lie compacts connexes. Toˆhoku
Math. J. (2), 13, (1961), 216–240..
[9] A. Borel, R. Friedman, and J. W. Morgan, Almost commuting elements in compact Lie groups,
Mem. Amer. Math. Soc., 157, (2002), no. 747.
[10] W. Bosma, J. Cannon, C. Playoust, The Magma algebra system. I. The user language, J.
Symbolic Computation, 24, (1997), 235–265.
[11] C. Broto, R. Levi, and B. Oliver. The homotopy theory of fusion systems. J. Amer. Math. Soc.,
16(4):779–856, 2003.
[12] C. Broto and J. M. Møller. Chevalley p-local finite groups. Algebr. Geom. Topol., 7:1809–1919,
2007.
[13] J. F. Carlson, Toward a classification of endotrivial modules, “Finite simple groups: thirty years
of the atlas and beyond”, 139-150, Contemp. Math., 694, Amer. Math. Soc., Providence, RI,
2017.
[14] J.F. Carlson, J. Grodal, N. Mazza, D.K. Nakano, Classification of endotrivial modules for finite
groups of Lie type (in preparation).
[15] J.F. Carlson, N. Mazza, D.K. Nakano, Endotrivial modules for finite groups of Lie type, J. Reine
Angew. Math., 595, (2006), 93–120.
[16] J. Carlson, N. Mazza and D. Nakano, Endotrivial modules for the general linear group in a
nondefining characteristic, Math. Zeit., 278, (2014), 901–925.
[17] J. Carlson, N. Mazza and D. Nakano, Endotrivial modules for finite groups of Lie type A in a
nondefining characteristic, Math. Zeit., 282, (2016), 1–24.
[18] J.F. Carlson, J. The´venaz, The torsion group of endotrivial modules, Algebra Number Theory,
9, (2015), no. 3, 749–765.
[19] R. W. Carter, P. Fong, The Sylow 2-subgroups of finite classical groups, J. Algebra, 1, (1964),
139–151.
[20] R. W. Carter, Finite Groups of Lie Type: Conjugacy Classes and Complex Characters, John
Wiley and Sons, 1985.
[21] A. Diaz, A. Ruiz, A. Viruel, All p-local finite groups of rank two for odd prime p. Trans. Amer.
Math. Soc., 359, (2007), 1725–1764.
[22] P. Fong, A characterization of the finite simple groups PSL(4, q), G2(q) and D
2
4(q), II, Nagoya
Math. J., 39, (1970), 39–79.
[23] P. Fong, R. Milgram, On the geometry and cohomology of the simple groups G2(q) and
3D4(q),
in Group Representations: Cohomology, Group Actions and Topology, Proc. Symp. Pure Math.,
Volume 63, 1998.
[24] P. Fong, W. Wong, A characterization of the finite simple groups PSL(4, q), G2(q) and D
2
4(q),
I, Nagoya Math. J., 36, (1969), 143–184.
[25] G. Glauberman, N. Mazza, p-Groups of maximal elementary subgroups of rank 2, J. Algebra,
219, (2015), 4203–4228.
[26] D. Gorenstein, R. Lyons, The local structure of finite groups of characteristic 2 type, Mem.
Amer. Math. Soc., 42, (1983), no. 276.
[27] D. Gorenstein, R. Lyons, R. Solomon, The Classification of the Finite Simple Groups, Volume
40, Number 3, AMS, 1998.
34 JON F. CARLSON, JESPER GRODAL, NADIA MAZZA, AND DANIEL K. NAKANO
[28] J. Grodal. The classification of p-compact groups and homotopical group theory. In Proc. Intl.
Congress of Mathematicians 2010 (Hyderabad, 2010), pages 973–1001, 2010.
[29] J. Grodal, Endotrivial modules for finite groups via homotopy theory, preprint, 2016.
arXiv:1608.00499v2
[30] J. Grodal and A. Lahtinen. String topology of finite groups of Lie type. arXiv:2003.07852.
[31] G. Malle, Height 0 characters of finite groups of Lie type, Represent. Theory, 11, (2007), 192–220.
[32] N. Mazza, Endotrivial Modules, Springer Briefs in Mathematics, Springer-Verlag, (2019).
[33] G. Malle, D. Testerman, Linear algebraic groups and finite groups of Lie type, Cambridge Studies
in Advanced Mathematics 133, Cambridge University Press, (2011).
[34] A. R. MacWilliams, On 2-groups with no normal abelian subgroups of rank 3, and their oc-
currence as Sylow 2-subgroups of finite simple groups, Trans. Amer. Math. Soc., 150, (1970),
345–408.
[35] D. Quillen, The spectrum of an equivariant cohomology ring. I, II, Ann. of Math. (2) 94 (1971),
549–572; ibid. (2) 94 (1971), 573–602. MR MR0298694 (45 #7743)
[36] D. Quillen. Homotopy properties of the poset of nontrivial p-subgroups of a group. Adv. in
Math., 28(2):101–128, 1978.
[37] T.A. Springer, R. Steinberg, Conjugacy classes, Seminar on Algebraic Groups and Related Finite
Groups (The Institute for Advanced Study, Princeton, N.J., 1968/69), pp. 167–266, Lecture
Notes in Mathematics, Vol. 131, Springer, Berlin, (1970).
[38] R. Steinberg. Endomorphisms of linear algebraic groups. Memoirs of the American Mathematical
Society, No. 80. American Mathematical Society, Providence, R.I., 1968.
[39] R. Steinberg. Torsion in reductive groups. Advances in Math., 15:63–92, 1975.
[40] D.Taylor, The Geometry of the Classical Groups, Heldermann Verlag, 1992.
[41] J. The´venaz, Endo-permutation modules, a guided tour, in “Group Representation Theory”.
EPFL Press, Lausanne, 2007, pp. 115–147.
[42] J. Walter, The characterization of finite simple groups with abelian Sylow 2-subgroups, Ann. of
Math., 89, (1969), 405–514.
Department of Mathematics, University of Georgia, Athens, GA 30602, USA
E-mail address: jfc@math.uga.edu
Department of Mathematical Sciences, University of Copenhagen, Copenhagen, DK-2100,
Denmark
E-mail address: jg@math.ku.dk
Department of Mathematics and Statistics, University of Lancaster, Lancaster, LA1 4YF,
UK
E-mail address: n.mazza@lancaster.ac.uk
Department of Mathematics, University of Georgia, Athens, GA 30602, USA
E-mail address: nakano@math.uga.edu
